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INTRODUCTION

Conventionally, General Relativity is formulated purely from a metric () point of
view. Unlike other field theories, General Relativity does not have an independent con-
nection and also it is a second order theory. Although we work with the Levi-Civita
connection V, the corresponding affine connection I' is not an independent quantity

because of the following two assumptions

1. Metric compatibility:
Vp(g;,ﬂ/ == O, (11)
2. Torsion-free condition:

I, =T, (1.2)

The above allow us to write the affine connection as the Christoffel symbols T,
« 7w L ar
r v = r w = 58 (%gw + avgy)\ - a)\g;u/) . (1.3)

The above assumptions imply that Levi-Civita connection is unique torsion-free
connection in Riemannian geometry. I will discuss the importance of the above two
assumptions as to why and when they are justified. The metric compatibility or simply
metricity is a necessity rather than a mere assumption. We want to have quantities

like inner product of vectors, length element invariant under parallel transport. The
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derivative operator V, defines the parallel transport of a vector v* along a curve with

tangent " by
V0" =0. (1.4)

We want the inner product g, v"u" of two vectors v" and u" to remain unaltered under

parallel transport i.e.,

= tAv”uVVAgW =0, (1.5)

where, I have used Eq. (1.4) in obtaining the last equation above. This means that the
metric must remain invariant under parallel transport. It is worth mentioning that
there have been some works in non-metricity [1] but I will not cover those in this
thesis.

The second assumption of torsion-free connection is not necessary and it depends
on the matter fields present. In general for bosonic matter torsion does not have any
effect on the equations and it vanishes on-shell. As we will see, for fermionic matter,
the above is not the case. Thus, although in General Relativity torsion is set to zero, it
is always interesting to consider a more general theory with non-zero torsion. The first
attempt to formulate a theory of gravity that included torsion was made by Cartan [2].
Later Einstein attempted to match torsion with electromagnetic field tensor in search
of a unified theory although he was unsuccessful. This is known as Einstein-Cartan
theory. It was further developed by Kibble [3], Sciama [4], and later Hehl [5], relating

torsion to the spin angular momentum of matter, in particular fermionic matter.

The torsion-less limit of torsion gravity cannot always be taken continuously [6,
7]. In this thesis we will be looking primarily at a torsion theory of gravity which in
the torsion-free limit reduces to Einstein’s General Relativity. One way of introducing
the torsion field into the theory as a dynamical variable would be to add it in as the

antisymmetric part of the connection coefficients (Cartan torsion).
Clp =Ty =T . (1.6)

I will find out the form of curvature tensor for connection with torsion. In General

Relativity without torsion, the Riemann curvature R(X,Y)Z is defined as
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[Vx, Vy]z — V[X,Y]Z = R(X, Y)Z. (1.7)
Taking basis vector fields d,,d, for X, Y respectively and v* for Z gives

(VuVy = VuV,)of = R, [T]0 . (1.8)

I will write quantities corresponding to torsion-free connection with a *~’ above. In

terms of Christoffel symbols the Riemann tensor of Eq. (1.8) is given by
Reouy = 0,100 — 0,170 + FPMFAW — rPMrAW . (1.9)

Now if V is a general affine connection with torsionful I', the definition of the Riemann

tensor is modified to
(VuVy = ViuVy)of = R, [T]07 — Cu Voo (1.10)

The definition of the Riemann tensor thus has to be modified in case of non-zero

torsion as
R‘DU]/H/ [I‘]UU - (VVVV - VVV;,[>’U‘0 + CO-VVVU'UP . (111)

Let us look at the symmetries and identities of the Riemann tensor with Cartan

torsion and compare them with those in General Relativity.

1.0.1 Skew symmetry

The antisymmetry of the Riemann tensor in each pair is there in both General Relativ-

ity and with non-zero torsion.

Rpa;w = _Rap;w = _Rpm/y- (1.12)
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1.0.2 Pairwise symmetry

Unlike in General Relativity, where the Riemann tensor is symmetric under pair ex-
change, with non-zero torsion the symmetry gets lost. The antisymmetry under the

exchange of pairs is given by (see Eq. (A.19))

1 A A
Rpa;u/ — R],[VPU' :E (v[PCMUV] + CVA[‘OC o] + V[UC‘WV] + Cp/\[(TC ]

A A
~VirClotwe) = CoanCvp) = VivCiulor) = Cuap € pU]) : (1.13)

In fact the Ricci tensor which is symmetric in General Relativity, is not so in pres-

ence of torsion.

1.0.3 First Bianchi identity

The first or algebraic Bianchi identity gets modified as (see Eq. (A.16))

R :V[UCPH +CPA[UCAM, (1.14)

0
o] V]

1.0.4 Second Bianchi identity

The second or differential Bianchi identity also gets modified as (see Eq. (A.24))

p _ P
V(R o] = —R M[ACO‘HV]' (1.15)

Thus three out of the four identities of the Riemann tensor get changed in case
of non-zero torsion. A detailed calculation of the above identities have been given in
Appendix A.

It is interesting to note that with the help of metric compatibility, the affine connec-
tion can be decomposed in terms of the Christoffel symbols and the so called contorsion
tensor.

re, =, —s*

" " (1.16)

s
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where the contorsion tensor 5%, is given by (see Eq. (A.8))
o 1 o w o
Sh =5 (G +Cu" =%, ) - (1.17)

Although torsion can be considered as an extension to General Relativity by adding
contorsion tensor to the Christoffel symbols, the way to couple torsion to other fields,
particularly to fermions, is not obvious in this approach. A more transparent and geo-
metrical way of introducing torsion is to work with the first order Palatini formulation
of gravity, using local orthogonal coordinates or frame fields called tetrads or vier-
beins, and a local Lorentz connection called the spin connection [3, 8, 9]. I will call this
vierbein-Einstein-Palatini formalism. In the usual Palatini formalism, the metric and
the connection are considered to be independent variables off-shell and when gravity
is coupled to only bosonic fields, this formalism reduces to the usual metric formal-
ism of General Relativity on-shell where the connection is given by the Christoffel
symbols. In vierbein-Einstein-Palatini formalism the above corresponds to writing the
spin connection in terms of the tetrads and their derivatives. We will see later that if
there are fermionic fields contributing to the stress-energy tensor, the spin connection
has torsion components and remains independent. The vierbein-Einstein-Palatini for-
malism is particularly useful for writing a Lagrangian for fermionic fields on curved
spacetime [10-12], as it highlights the spin connection as being analogous to a gauge
field. In addition, this formalism serves as the link between General Relativity and BF
theories of gravity [13-16]. The Einstein-Hilbert action does not resemble that of other
tield theories. Often we are interested in fields that are functions of flat spacetime coor-
dinates and this is where vierbein-Einstein-Palatini formalism comes handy. Because
of the fact that we have an independent spin connection that resembles a gauge field,

vierbein-Einstein-Palatini formalism looks like a field theory of gravity.

1.1 SYNOPSIS AND PLAN OF THESIS

In this thesis I will explore different aspects of the vierbein-Einstein-Palatini formal-
ism. In chapter 2 I will go through the vierbein-Einstein-Palatini formalism. I will
define the variables, write the action and find out the equations of motion. I will
compare the results with those in General Relativity. In chapter 3 I will discuss the
vierbein-Einstein-Palatini formalism in the presence of bosonic and fermionic matter.

I will demonstrate how the presence of fermions yields non-zero torsion thereby lead-
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ing to a departure from General Relativity. In chapter 4 I will discuss the conformal
properties of the vierbein-Einstein-Palatini variables and see how torsion affects the
conformal invariance of fields. In chapter 5 I will use an interesting result of the four-
fermion interaction that results from spin-torsion coupling to answer the source of
neutrino mass and oscillation. Finally in chapter 6 I will consider the perturbations of
the vierbein-Einstein-Palatini variables around arbitrary background and find general

perturbation equation.



VIERBEIN-EINSTEIN-PALATINI FORMALISM

In the vierbein-Einstein-Palatini formalism, the variables for gravity are the vierbein
or tetrads e{l , and the spin connection A,I] . One considers local 4d flat space (internal
space) at each point of spacetime manifold isomorphic to the tangent space at that
point. Linear isomorphisms between vector fields and sections of internal space are
given by tetrads. Tetrads can be thought of as frame fields. I will denote spacetime
indices by lowercase Greek letters and internal indices by uppercase Roman letters.
The internal space is a 4-dimensional flat space with metric 7;; = (—1,1,1,1) attached
to each point of spacetime. Raising and lowering of the internal indices are done by 77,
while spacetime indices are raised and lowered by the spacetime metric g, which is
also of signature (— + ++) . I can write the basis vector field of the spacetime manifold

Ay as
Ay =eylr, (2.1)

where (; are the internal basis vectors with I running from 0 to 3. Although written
in terms of basis vectors fields, the above holds for all vector fields. The tetrads are

considered to be orthonormal,
gvelel =n'l. (2.2)

This equation can also be thought of as a relation between the spacetime metric
and the internal metric. Clearly, tetrads contain the same information as the spacetime
metric and constitute the main variable in the vierbein-Einstein-Palatini formalism.

Eq. (2.2) can be rewritten as

e? = (5}, eﬁlei = 55‘ , (2.3)
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where ¢ = 7 Ug?“’ei are the inverse of tetrads, called co-tetrads. It is easy to see that

the determinants of the tetrad and the metric are related by |e| = /—g.

A connection D on the frame bundle is defined by its action on any smooth section

S,
D,S"'=9,8"+ A};S!, (2.4)

where Alﬂ ; are the components of what is called the spin connection. It follows from

definition that A,I] is antisymmetric in the internal indices,

0 =Dyl = 3" — Apn™ — Al '

I I
= A/=-4A] (2.5)
The curvature of D can be written as

PI% - [DV'DV]”
= A — 0, A + Al AV — Al AY
=3, A) — A + Ay, A (2.6)

I want to define a general affine connection with the help of the spin connection.

The simplest way is to define the connection as

I, = A;ﬂ]eie’}‘ . (2.7)

The action of the corresponding covariant derivative is given by

v o__ v v o
Vo' =00 + 17,0

=0, 0" + Aﬁjeifﬁv“ . (2.8)

But there is a problem with the definition of the affine connection given by Eq. (2.7):

the corresponding covariant derivative is not metric compatible.
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Va&uv = 9aguv — rﬁwgﬁv - rﬁzxvgﬂﬁ

= 7711806( ite!/) AI]WILEV v Ai]ﬂme{/e;lj
= 7711806(6{1 1]/) A ey — Ayeh/e[ﬂ
= m,aa(e;,ei) . (2.9)

Here I have used the antisymmetry of the spin connection in the internal indices. In
order to make the covariant derivative metric compatible, the definition of the affine

connection needs to be modified as

I, = elduel + Aljelet . (2.10)

The covariant derivative is to be now understood as

Vo' =0,0" + FV

=0,0" + v'ey ye + Awemelv (2.11)
This is a metric-compatible connection, as we see from the following calculation,

vag;w - aag}w - F‘Baygﬁl/ - rﬁtxvgl/‘ﬁ

= 1,04 (e e,,) 17Ueva e que]ﬂa,xef, — Ai]que{,eﬁ — Aiﬂyme{,eﬁ =0.
(2.12)

I would like to mention here that the definition of the affine connection given in
Eq. (2.10) is same as the so called tetrad postulate [17]. In order to see this I need to

define a covariant derivative V such that its action on a general field P}ﬁ is given by
VPl =9,P] -1, Pl+ A} P|. (2.13)

In tetrad postulate the covariant derivative V is considered to be compatible with

tetrad i.e.,

0=V,el =0d,e] — e, ek + AI]eV (2.14)
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It is analogous to metric compatibility of the Levi-Civita connection V. Upon con-
traction with e, the above equation becomes same Eq. (2.10). I will however not use
the definition of the covariant derivative given by Eq. (2.13) in my calculations.

The important point to note here is that I' is not necessarily symmetric here. This
implies that unlike in General Relativity, we do not have torsion free condition a priori.

In terms of the tetrads and the spin connection, the torsion tensor is given by

Chw =T — T, = efo,el + Aﬁjeﬂe’}‘ —ef Velll + AII,]e{le‘}‘. (2.15)

This formalism is thus Palatini formalism where the metric and connection are
taken to be independent variables and torsion is determined by on-shell equations. In
case of minimally coupled bosonic fields, torsion vanishes on-shell thereby implying
the equivalence of vierbein-Einstein-Palatini and metric formalism of General Rela-
tivity. So one could ask why at all we need the tetrads and the spin connection we
could instead just proceed with a general affine connection independent of the metric.
The importance of defining a spin connection is understood when there are fermionic

fields in curved spacetime as we will see later.

I will calculate the Riemann tensor corresponding to the affine connection I' using

the usual expression
Reu = 0,1y — 0T 0y + TP uaT = TH0eT - (2.16)
In terms of the tetrads and the spin connection, the Riemann tensor is given by

RPUW = P;Iw]e?e[,, (2.17)

from which the Ricci tensor and Ricci scalar are obtained respectively as

RUV = F]{yje?e(]fl (2.18)

R = Fﬂe?e}’ . (2.19)
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The vierbein-Einstein-Palatini action is the Einstein-Hilbert action for gravity where

one replaces the Ricci scalar by Eq. (2.19), and the metric determinant by that of tetrads,
1 4 1] H g
Sle, A] = ]e]cl Fuerej, (2.20)

where, x = 87G. It should be noted that although constructed from the Einstein-
Hilbert action, the vierbein-Einstein-Palatini action is not same as the Einstein-Hilbert
action. This is because in the Einstein-Hilbert action the only variable is the metric
tensor and as a result it is of second order in derivatives. The vierbein-Einstein-Palatini
action is first order in derivatives until the connection has been solved and substituted.

This action is first extremised under variations of the vierbein ¢/, keeping AL ; fixed.

Variation of the determinant gives
Sle| = —le] eiﬁe?. (2.21)
Using the antisymmetry of Flﬂ, I can then derive the field equations quite easily,
21:/{{/6[ —eVFKLeKeL 0. (2.22)
Contracting with e,; and using Eq. (2.18) produces the familiar form
1
R],“/ - Egny - O . (2.23)

This equation would be the vacuum Einstein’s equation if I could show that V is
torsion free, i.e., if I*,, is symmetric in p,v. For this purpose, I vary the action of

Eq. (2.20) again, but this time with respect to the spin connection Al,, keeping the

w
vierbein fixed. To do this I first simplify the action using the antisymmetry of the spin

connection,
Sle, A] = / le|d*x (ayAll,I(e?ey —elef) + [AV,AV]Ue?ey) . (2.24)
Variation with respect to All produces the equation

—ekduey (efe] —efey) —ejaue] + efdyel —efd el + efaye]

+Ay161<€] AKX ]eKeI A}Ifleyeﬁ + A{f]e?ek =0. (2.25)

11
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In order to solve this equation for the spin connection, first I contract it with e,; and

then take trace in L]. This helps to evaluate the term Agleﬁ a
Aﬁleﬁ = duel +effefo,el . (2.26)

It is necessary to evaluate and then to get rid of AIIerIV( from Eq. (2.25) because, other-
wise I cannot remove e}, from the term and solve for the spin connection. Substituting

Eq. (2.26) in Eq. (2.25) gives
Ayue’; + A”]Le? = el,Le’;aye’f — evLe’;aﬂe}’. (2.27)

Cyclic permutation in IJL and then contraction with suitable tetrad produces the fol-

lowing expression for the spin connection.

Al =l = %eﬂ (eX — o'k — /1), (2.28)
where for convenience I have defined the quantity @K as

QUK = ¢! [e"]ayem — e"Kayevq . (2.29)

Eq. (2.28) is the the torsion-free spin connection and I have denoted it as w{] . I can
calculate I' by substituting this expression in Eq. (2.10) and see that
Iy =T, = f"Ap. (2.30)
Thus I have recovered the Christoffel symbols on-shell and V can thus be identified
as the unique metric-compatible torsion-free connection on the spacetime. Although in
usual General Relativity the torsion-free condition is imposed a priori, in the vierbein-
Einstein-Palatini formalism only metric-compatibility follows from the definition of I';
the torsion-free condition comes from the equations of motion. Thus R;, in Eq. (2.23)
can be replaced by R\w , and we see that even though I started with an independent
connection, I have recovered General Relativity on-shell. Eq. (2.28) is the expression for
the spin connection in the absence of matter, or more precisely in the absence of matter
which couples to the spin connection. Thus, in vacuum the vierbein-Einstein-Palatini
formalism is equivalent to General Relativity on-shell i. e., upon using the equation of

motion of the spin connection.
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In the presence of matter the absence of torsion is not guaranteed. I will consider

vierbein-Einstein-Palatini action with matter field to see this in more detail,
4yl
Tatal - / |€‘ d*x 11/31;31]/ =+ SM . (2-31)

Here the components of the spin connection AL ; are again taken to be independent
variables. The equation of motion, obtained by varying this action with respect to the

tetrad, is

1
Fi{,el — —e{, fﬁL “eﬁ = K@{,, (2.32)

where I have written

OSMm

G)] = ——. 2.
" 5! (2.33)

After contraction with a suitable tetrad, I get the familiar form
1
Ry — Eg,wR = kO . (2.34)

It should be noted that ©,, = @{le Jv is not the usual energy-momentum tensor for
the matter, because for O,y to be energy-momentum tensor, the left hand side of the
above equation must be symmetric and torsion-free. If the spin connection couples to
matter, the right hand side of Eq. (2.25) will not vanish and in general, the connection

will be given as
A,I] = w,ﬂj + A;I], (2.35)

where AFI] corresponds to the contorsion tensor defined in Eq. (1.17) characterises the
torsion part of the connection. It should be noted that the A term in the equation
above comes from the coupling of the spin connection to the matter field considered.
As a result this term will always be suppressed by «. This will be clear once I consider
specific fields. I will now discuss how A relates to torsion. In terms of A, the torsion

tensor of Eq. (2.15) can be written as

c*, AI]eveI Aljeyel (2.36)
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Using Eq (2.35) and Eq. (1.17), we see that A plays the role of contorsion tensor in the
vierbein-Einstein-Palatini formalism,
SIX

= —Al e,],e‘}‘. (2-37)

Iz g

We will see later that it is the contorsion tensor that couples to spinors, ultimately

leading to non-zero torsion [12].

I will discuss how the proper energy-momentum tensor can be obtained on the
right hand side of Eq. (2.34). First I need to use the expression of the spin connection
given by Eq. (2.35) in Eq. (2.34) and then move all the terms involving A to the right

hand side. The resulting equation is obtained as

~ 1 ~ ~
RVV - EgVVR = KT],H/ + O(KZ) + Tty (238)

L~

where quantities with a hat over them are constructed with the torsion-free con-
nection, as before. THV is the symmetric and conserved energy momentum tensor and
higher order terms are contributions due to dynamically generated torsion. The conser-
vation of the energy-momentum tensor is to be understood in terms of the torsion-free
Levi-Civita connection. The procedure for obtaining a symmetric energy-momentum
tensor of the spinor field, in particular, was discussed in [12].

I will also discuss the tetrad-only (or simply tetrad) formalism where we have the

torsion-free condition a priori. This is thus identical to General Relativity.

2.1 TETRAD FORMULATION OF GENERAL RELATIVITY

In order to recover usual General Relativity from the vierbein-Einstein-Palatini formal-

ism, one needs to work with the torsion-free spin connection w.
(DuS)' = 0,8" +wy,;S!, (2.39)

where w{l ; is the torsion-free spin connection of Eq. (2.28). To identify the tetrad for-
mulation with General Relativity, the Christoffel symbols of the metric formalism are

written using the vierbein and spin connection

f"‘w = efo,el + w£]e£e‘}‘ . (2.40)



2.1 TETRAD FORMULATION OF GENERAL RELATIVITY

Metric compatibility of the corresponding Levi-Civita connection helps to express w
in terms of tetrads as given in Eq. (2.28).
As before, I can calculate the Riemann tensor, Ricci tensor and Ricci scalar by suc-

cessive contraction with the vierbein,

Rf oy = FIV]eIeU, (2.41)
Rw = AW]e’;e,]T, (2.42)
R = Fllf,e?ey (2.43)

Here I?,% is the curvature of the connection D. Here Riemann tensor satisfies all the
symmetries and identities as it does in General Relativity. The tetrad action for gravity
is the Einstein-Hilbert action in which the Ricci scalar has been replaced by Eq. (2.19),

and the metric determinant by that of tetrads,

Stetradle] = o / lefd*x 11{@];6? (2.44)
Variation of the action with respect to the tetrads produces the equation

2F e} — eVPKL el =0. (2.45)
Contracting with e,;, and using Eq. (2.18), I get the familiar form

ﬁw — %g,,vﬁ =0. (2.46)

If I include matter fields, the tetrad action reads
STotal = /|e| d*xF, 156?67 +Swm, (2.47)

where Sy = [ |e|d*x Ly is the action for any matter field present. The equation of

motion obtained by variation with respect to the tetrad is thus

~ 15
Fi,ﬂel 26;,130{% ﬁef = KTWe «] (2.48)

where wa is the usual energy-momentum tensor for the matter. As before, I can con-

tract this equation with the tetrad to obtain the familiar form, @w = KTW .
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In this chapter, I will consider different matter fields in the vierbein-Einstein-Palatini
formalism. I will demonstrate that for bosonic fields, torsion either vanishes on-shell
or it is taken to be zero a priori for the sake of gauge symmetry. In such cases one can
proceed with a torsion-free tetrad formalism identical to General Relativity. But we
will see that in case of fermionic field, torsion has effects on the Einstein’s equation as

well as the Dirac equation.

3.1 SCALAR FIELD

The total action with massless real scalar field is given by
— 1 d4 u
S = Sle, Al —E/]e| XV, VI, (3-1)

where S[e, A] is the vierbein-Einstein-Palatini action of Eq. (2.20). It should be noted
that although I have written the derivative of the scalar field with V,, it is essentially
the partial derivative 9. In other words it should not matter whether I take the deriva-
tive with torsion-free @},, torsionful V, or ordinary partial derivative. The equation

obtained by extremising the action with the scalar field is
V,Vip=0. (3.2)

Although the above equation contains the torsionful connection it is essentially the
same as the equation with the torsion-free connection. I can break the kinetic term in

the following way

17
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Vu Vi =Y,V — 5", V. (3.3)

Recalling the expression for the contorsion tensor from Eq. (1.17), we see that the last
term in the above expression vanishes because of the antisymmetry of the contorsion
tensor in the first and last indices. Thus I can neglect torsion if I am dealing with
minimally coupled scalar field alone. I will consider an interesting example of non-
minimal scalar field in chapter 4 and see how it can potentially couple to torsion.

I will also extremise the action with respect to the tetrads to find out Einstein’s

equation. The equation is obtained as
2F el — eVFKﬁL = 2k(e/"V .oV — eﬂva(pV”‘zp). (3-4)
Upon contraction with suitable tetrad, the above equation can be written as

1 1
Ry — igwR =K <V,4(PVV¢ - zguvvaébvaﬁb) ’ (3-5)

where I have used the definition of Ricci tensor and Ricci scalar from Eq. (2.18) and
Eq. (2.19) respectively. Also, because the scalar Lagrangian does not contain the spin
connection, variation of the total action with respect to it gives the torsion-free expres-
sion of the connection. I can thus identify the above equation with Einstein’s equation

in General Relativity with scalar field.

3.2 ELECTROMAGNETIC FIELD

Usually in the case Maxwell Lagrangian a torsionful connection is not considered and
consequently there is no equation of motion for torsion. This is because a torsionful
derivative breaks the gauge symmetry of electromagnetic field. I will consider the total

action with em field to demonstrate this.
=5 / le|d*x Iﬂe’fe? ed*xF,,F". (3.6)
Here,

Fu = VA, — Vi Ay, (3-7)



3.3 FERMIONIC FIELD

Usually in differential form notation F is defined as F = dA. In case of torsion-free
connection, dA can be written as in Eq. (3.7). But here V is the connection that has
torsion. Writing the affine connection as

rayv = ftx;w - Stx;w/ (3.8)

I get

F‘m/ — VVAV - VA]/I - CleVAlX, (39)
with S§% , being the contorsion tensor. In the above expression of the field tensor only
the antisymmetric part of contorsion appears because the symmetric part cancels out.

I will denote the torsion-free part of the field tensor as
ﬁyv - ﬁyAv - ﬁvAy/ (3-10)
which is same as d, A, — 9, A,. The total action now becomes

1 1 Lo, 1 -
5= o [ leldxEflelef 1 [ lelatxBu B ] [lelatePrece, A,

—% / |e|d4xC“wC5?’”AaA5. (3.11)

The point to note here is that the Lagrangian of electromagnetic field in the above
action is not gauge invariant because of the last two terms. Thus torsion breaks gauge

symmetry of the field.

It is apparent from the above that for the case of bosonic fields, torsion either does
not have any effect on the field equation or it is not considered for the sake of preserv-
ing gauge symmetry. In these cases I can assume the torsion-free condition a priori
where the spin connection is written completely in terms of the tetrads similar to the
Christoffel symbols in General Relativity. I am thus working in the tetrad formulation

of General Relativity as discussed in chapter 1.

3.3 FERMIONIC FIELD

For fermions, I will consider both tetrad formulation and vierbein-Einstein-Palatini

formalism. First I will discuss fermionic fields in the torsion-free tetrad formulation.
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Next I will consider the vierbein-Einstein-Palatini formalism and compare the equa-
tions with those in the tetrad formulation. We will see how inclusion of torsion gives

rise to extra terms in the equations.

3.3.1 Fermionic field in tetrad formalism

The advantage of having the spin connection is that I can write an action for fermionic
fields in curved spacetime. The y-matrices are defined on the flat internal space and
then brought to the spacetime using tetrads, while the covariant derivative on the
fermionic field is defined in terms of the spin connection. In general, the spin connec-
tion is treated as an independent variable while considering the fermionic field [10-12,
18]. T will discuss this in Sec. 4.2. When I restrict to the torsion-free case however, the
connection is not a free variable, but wi/ of Eq. (2.28). The total action of gravity with

a minimally coupled fermion in this case is written as [18]

Sle, A, 9] = g Sunle] + [ el | (F*el Dy = (Bo*el D)) + iy

(3.12)

where Si.104]€] is the gravity action given in Eq. (2.44). The covariant derivative ‘l’ﬁy

acts on the spinor ¢ as
PN i
YDuyp = duyp — qwilonp, (3.13)

where o1; = £ [v1,7]] -

I will calculate the second term in the fermionic Lagrangian
(II_J’)’KeIPé lpﬁ;ﬂl’fr
. i .
= (@7 ouy) ek + gl e (Preenyy)’
t i
= 0"y by + Jwl eyl vkady

_ i _
= 3, PyNely + 1“’{‘] Koy . (3.14)
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Here I have used the properties of v and c-matrices from Appendix D. The fermionic

Lagrangian can thus be written as
i D T i T . -

The 7 and ¢ matrices carry internal flat space indices and have the properties for
metric signature (— + ++). It should be noted here that for the choice of signature
(+ — ——), which is popular in quantum field theory, v needs to replace by —ivy in all

of these expressions (see Appendix D).

Extremising the action of Eq. (3.12) with respect to the tetrad and the fermion, the

equations of motion are obtained as

~

1 ~ PN _
56? : R;w - Eg}lvR = KT}W(IIJI l[J) ’ (3-16a)

_ i
o = 29 ek + efopey vNeky + duekr y — Jwl e v, o1k +my = 0.
(3.16b)

In addition, by varying ¢ I get an equation which is the adjoint of Eq. (3.16b). Here
Tw(lp, ) is the symmetric and conserved energy-momentum tensor of the fermionic
tield,
~ - i - - i -
T, 9) = 7 |@ud)rive) — Pri@up)ey + gyl efplo, ok + (1 ¢ v)
Himgu Py
(3.17)

It should be noted that for obtaining the above expression for Tw, I have also varied
the spin connection w{/ with respect to tetrads. In fact the terms that come from the
variation of the spin connection, along with Eq. (3.16b), give the symmetric form of
TW. Eq. (3.16b) is the Dirac equation in torsion-free curved spacetime. I can cast the

Dirac equation in a familiar form by using the expression for aJ,I] of Eq. (2.28),

ek wﬁ,ﬂp +myp =0. (3.18)
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3.3.2 Fermionic field in vierbein-Einstein-Palatini formalism

In the tetrad formulation we saw how one can write fermions in gravity or more
specifically torsion-free gravity. In the vierbein-Einstein-Palatini formalism fermionic
field becomes more interesting because of its ability to couple to torsion. I will consider

the action to see this in detail.

Sle, 4,9, 9] = Sle, A] + [ Jeld*s [2 (#7ele YDy — (el *Dup)t) + z'mw] ,

(3-19)
where, the derivative ¥D acts on the spinor ¢ via the spin connection A,
l‘bDylp =0, — AZI‘A}I]UUIP' (3.20)
As before, the fermionic Lagrangian can be written in the following manner,
£ = 5 (Prielduy — ey — Al Fa oy ) +impy. Gan

Extremising the action with respect to the different variables produces the following

equations.
def : R 21 R—i—K (0,%) yrvel, — pyr(o )el—l—iAUeK_{ o}
] ¢ Ry 2g"”_2 v) e, — Pyi(dvy)e, 4Vy¢'YKrI]1/7
+ikmgu Py, (3.22a)
K
sAL AL] = w{][e] + gl[]{’)q(, 0'”}1[]6115, (3.22b)

_ i
5P 1 29Keldup + efoel YRely + ey yp — ZALIEHK{'YK/ oty +mp =0.

(3.22¢)

I can simplify Eq. (3.22¢) by using identities of oy and ¢ matrices; and the definition of

torsion in Eq. (2.15),
1 i
VEekOpp + 5 Chuaeky Y — gAY e iy + my = 0. (3-23)

Let us now see what happens to the above equation if I use the on-shell expression

of the spin connection given by Eq. (3.22b). The first term in this expression is exactly
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the same as in Eq. (2.28). The last term has appeared due to the fermionic field. This

term can be identified with the contorsion AL] which was defined in Eq. (2.35),

K -
N = g o ey (3-24)

I can use the identity

{o, 4K} = 2elKLy 45, (3-25)

to write A;I] as
I K _
AF’] = ZGUKLIIJ’)/L’)SIPEKV . (326)

This term results in the following non-vanishing expression for the on-shell torsion
tensor:

0S~a _ K _IJKL
Cw_fe]

5 PyLysereruexy - (3-27)

Clearly, on-shell torsion, generated by a fermion source, is totally antisymmetric. If I
identify the torsion tensor in Eq. (3.23) with on-shell torsion tensor, we can see that the
second term in the equation goes away due to the total antisymmetry of the torsion

tensor given by Eq. (3.27). Thus I am left with the equation

i
veekouy — g Al ykory + my =0 (3.28)
or simply
'yKeﬁ lprlIJ +myp =0. (3.29)

This looks like the equation I obtained for fermionic field in tetrad formulation, but it
is different in the sense that the spin connection, and thus the derivative, now contain
non-zero torsion. If I now use Eq. (3.22b) for the on-shell expression of the spin con-
nection, I get a nonlinear spinor equation with cubic term resulting from torsion, as

has been noted in [12, 19],

i iK _
veekoup — gl yxonp + my — Sl oyl oy =o. (3-30)
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I will also use the on-shell expression of the spin connection given by Eq. (3.22b),
and the Dirac equation of Eq. (3.22¢c) in Eq. (3.22a). After some lengthy but straightfor-

ward calculations I get the following equation.

~ 1~ 4 3% .
Ryw = 58w R = kT (9, F) — J 81175y 159 - (-3

Here, ?W(lp, ) is the symmetric and conserved energy-momentum that comes from
the torsion-free matter Lagrangian as obtained in Eq. (3.17), which comes from a
torsion-free theory of gravity. I should mention how I have obtained this symmet-
ric energy-momentum tensor. As we can see from Eq. (3.22a), in contrast to tetrad
formalism, the right hand side does not contain the symmetric energy-momentum
tensor. This is because the left hand side contains torsion components and is not sym-
metric either. The idea is to use the on-shell expression of A from Eq. (3.24) in the
Einstein’s equation. There are two ways I can proceed to obtain the symmetric energy-
momentum. The first way is to directly use the expression for A in the quantities on
the left hand side of Eq. (3.22a). I find that the Ricci scalar part is not affected by this

but the Ricci tensor breaks into symmetric and antisymmetric parts as

~ 1
Ry =Ry + §(®’W —Ou), (3.32)

where I have denoted the O(x) terms of the right hand side of Eq. (3.22a) as ©y,.
The antisymmetric part above, when taken to the right hand side, gives the symmetric
energy-momentum tensor. The second way is to find the symmetric and antisymmetric
components of Eq. (3.22a). In this case I can find the antisymmetric component directly.
For the symmetric component of R, I can show that it is the same as the Ricci tensor

calculated from the torsion-free spin connection w.

The conservation of T, (1, 1) is to be understood in terms of the torsion-free deriva-
tive operator V. The additional term of O(x?) has appeared due to torsion. Using
generalised Fierz identities for the spinor field [20—22], I can write Einstein’s equations

as

~ 1 - _ _ 32, _ _
Ruv = 38R = 1T (9, ) — g 3¢ (B159)? — (F)?) (333)

I will conclude this section with a discussion on the nonlinear Dirac Eq. (3.30). As
already mentioned, the effect of torsion on the equation is realised through the cubic

term. I can write an effective Lagrangian without torsion that gives me the same equa-
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tion as obtained above. To do this I need to modify the torsion-free spinor Lagrangian

of (3.15) with the addition of a quartic term as
i (- - i -
Lr= (tm"eiaytl» —ouprery — g Py on}y
K - - .-
— s Pl obpp{at, o }w) + imgyp. (334)

I can write the above Lagrangian in a better form using Fierz identities as

if . ; ;
Lr= (l/”rKeﬁaulP — 9y ey — EGUKLW;%”K#’WL"YSlP

_ 3ik

& (s = (9)) ) + iy (.39

This Lagrangian also produces the O(x?) term appearing in the Einstein’s equation.

Also it gives the same nonlinear Dirac equation of (3.30).

3.3.3 Conservation of spinor current

In order to find the current conservation equation, first I need to obtain the equation
of motion of . There are two ways to obtain the equation. I can either extremise
the action with respect to i or take adjoint of the i-equation (3.28). Either way, the

equation is obtained as

- i - _
aﬂlp'yKeﬁ + EA}I]e”KrchU'YK —myp =0. (3.36)

Now following the usual procedure of pre-multiplying Eq. (3.28) with ¢, post-multiplying

Eq. (3.36) with 1 and adding them together gives

9Py ) + J AV Flory, 1l = 0. (3:37)

Now, using the expression for the commutator from Eq. (D.10) the above equation can

be written as
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0u(Py ) + AU@MWW?IK% kY)Y =0

eK ;1(1/7’)’ % U yl/”)’ﬂ/’ =0
(l/wKeﬁt/J Prpouek + Alelprp =0
9 (Pry PylpeyeXa el + Allelen e pyxy = 0
o Jt + (e?aye —I—AUe?e]V)] =0
V.t =0, (3.38)

)
)+
) —
x¥) —

A

where, J# = ey is the spinor current in curved spacetime. In writing the last step,
I have used the definition of I' from Eq. (2.10). Although I have written the equation
with torsionful derivative V, it is same as the torsion-free derivative V. The reason for
this is that it is a divergence equation where the effect of torsion vanishes by the same

argument given in (3.1).
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In this chapter’ I will investigate conformal transformations of the vierbeins and the
spin connection. The motivation for this investigation is twofold. First, if the vierbein-
Einstein-Palatini action is exactly equivalent to the second-order Einstein-Hilbert ac-
tion of gravity, all matter fields should couple to gravity ‘in the same way’ in both for-
mulations. More precisely, the corresponding stress-energy tensors for matter should
be equivalent in the two formulations, and matter fields ought to transform in the
same way in both the formulations. While this is a trivial issue for minimally coupled
matter fields, it turns out that for non-minimally coupled fields, such as the confor-
mally coupled scalar which I investigate here, the field equations behave differently
under conformal transformations in the two formulations. The other motivation is to
study the conformal transformation of spin connection, which is useful in studying
the conformal properties of fermions propagating on a curved background. Since the
spin connection has torsion components which couple to fermions, its behaviour under

conformal transformations affects that of fermions.

I will consider different possibilities of how torsion is affected by conformal trans-
formations. First I will discuss Nieh-Yan theory [23], in which torsion was considered
to “play the role of gauge potential for the conformal transformation group." However,
when torsion is taken to zero, this theory does not reduce to pure Einstein gravity, i.e.,
General Relativity based on pure Riemannian geometry. Next I will discuss a theory
where torsion remains invariant under conformal transformations. I will show that
Nieh-Yan theory and the one with invariant torsion correspond to two limits of a gen-
eral transformation of the spin connection which interpolates between these two limits.
I will also consider dynamically generated or on-shell torsion which is the expression

for torsion obtained by solving the equation of motion. I will show that torsion, dy-

The work reported here is based on the paper "Different types of torsion and their effect on the dynamics
of fields", Subhasish Chakrabarty and Amitabha Lahiri, Eur. Phys. J. Plus 133, 6, 242 (2018).
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namically generated by the Dirac field as in [12, 24], transforms homogeneously under
conformal transformation. In other words, unlike in Nieh-Yan theory, on-shell torsion
does not have any inhomogeneous conformal transformation. I will also discuss the
possibility of on-shell torsion being generated by a conformal scalar field. However, for

the scalar field, I will show that on-shell torsion indeed transforms inhomogeneously.

Conformal transformations were introduced by Weyl in an attempt to unify elec-
tromagnetism and general relativity [25], and have been useful in studying various
properties of curved spacetimes [26]. Conformal transformations have been widely
used in studying asymptotic flatness and initial value problem [27—-31], propagation
of massless fields on a gravitational background [32—40] and exact solutions [41—47].
Conformal invariance is required where scale-independence is fundamental to our
understanding of the system. Conformal invariance is also important in the study of
quantum field theory on curved spacetime [48-51]. It has been suggested that cos-
mology based on conformal gravity, or more specifically based on the Weyl tensor,
can provide alternatives to the usual cosmologies with dark matter and cosmological
constant [52, 53].

A conformal transformation is the scaling of the spacetime metric g, with a strictly

positive, smooth function Q?,
v = gy - (4.1)

In this nomenclature and related notational conventions, I have followed [27]. I

should mention that some authors call this a Weyl transformation, reserving the name

‘conformal transformations” for what are called ‘conformal isometries’ in [27] (for a

discussion on the nomenclature, see [54]). A conformal isometry ¢ on a manifold
M is a diffeomorphism ¢ : M — M such that its action on the metric is given by
98w = Vg

Conformal transformations alter lengths of spacetime intervals, but preserve angles.
The conformally transformed spacetime and the original one have the same causal
structure. Since () is a function of spacetime, the transformation of metric affects differ-
ent entities like the Christoffel symbols, Riemann tensor and hence the Einstein-Hilbert
action. For gauge fields in four dimensions, the matter action remains invariant under

conformal transformation, while for other kinds of matter fields like the scalar, the
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action needs to be modified. Conformal transformation of the metric transforms the
Christoffel symbols as

I, — I +60,V,

LV, Q- g8 VsInQ, (4.2)

)

where the symmetric combination is defined as A(D‘B ) = AyBg + AgB, . The quantities
which are defined using the torsion-free connection will be denoted with a hat *~ " as

in previous chapters. The transformation of torsion-free Ricci scalar can be written as

R— Q3R-2(n—1)g"V,V,InQ
—(n=1)(n =2)(V,InQ)(VFInQ)}. (4-3)

This is the general formula in #n spacetime dimensions. In this chapter I will be con-

cerned with the case where n = 4.

The equation of motion of massless scalar field,

<

WV =0, (4-4)

is not invariant under conformal transformation. The remedy is to modify the equation

with the addition of a non-minimal term,
S Su 1~
VuVFig — gR‘P =0. (4.5)
The above equation can be obtained from the total action
4 1 uv 15 2
5(¢,8) = Senlg] — / V—gdx | 58" 0updvp + S RY7) (4.6)

where, Spy[g] is the Einstein-Hilbert action. This matter part of the action is invariant
under the conformal transformation of Eq. (4.1) provided the scalar field transforms

as

p— Q. (47)
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Variation of the action with respect to the metric produces the energy-momentum
tensor corresponding to the conformal scalar field, which now includes a part that

depends on the geometry because of the R¢? term,

~ 1 ~ o~ ~ -~
.”V(Pz + g g‘uvvtrvaﬂbz - VHVV(PZ] . (48)

N =

~ 1

Ty = 0up0v — 5 88" 0upOpp +
This THV is a conserved tensor as expected,

@Vfuv =0. (49)

In this chapter I will discuss the conformal transformation of the vierbein and the
spin connection and investigate the conformal properties of the action and equations
in the vierbein-Einstein-Palatini formalism. In Sec. 4.1, I will go through the basics of
conformal transformation, conformally invariant massless scalar field and fermionic
field in the tetrad formulation of General Relativity. I will consider massless fields be-
cause a mass term usually breaks conformal symmetry. In Sec. 4.2, I will investigate the
conformal transformation of the vierbein and the spin connection. The spin connection
is an independent variable at the level of action and thus its transformation remains
indeterminate at this stage. It is however possible to make different choices of trans-
formations without disturbing metric compatibility. In this respect I will discuss two
such choices: one with inhomogeneously transforming torsion (Nieh-Yan theory) and
other with invariant torsion which does not seem to have been discussed in literature
before. In Sec. 4.3 I will consider the conformal properties of dynamically generated
torsion with specific fields. I will write a general transformation of the off-shell spin

connection which, in suitable limits, reduces to Nieh-Yan theory or invariant torsion.

4.1 CONFORMAL TRANSFORMATION IN TETRAD FORMULATION

In this section I will consider the conformal transformation of different entities in
the torsion-free tetrad formulation. Because this formalism is equivalent to General
Relativity, we can expect that fields and their actions will transform under conformal
transformations in the same way in the tetrad formalism as they do in the usual metric

formulation of General Relativity.
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The transformation of g,, suggests that the tetrads should transform in the follow-

ing manner,

I

Cu

— Qeiﬂ , (4.10)
while the co-tetrads should transform as

el — Qe (4.11)

The conformal transformation of the spin connection, given by w{l] of Eq. (2.28),

can be found from the transformation of the vierbein alone,

w;ﬂ] — wi, + (e{,ey —e,7¢')9, In Q. (4.12)

It was argued in [55] that the above equation is the conformal transformation of
the spin connection even in the presence of fermionic matter. We will however see
in Sec. 4.3.2 that when the spin connection is treated as an independent variable, the

above transformation may not be quite correct.

Eq. (4.12) leads to the following transformation of the Ricci scalar
Elleley — 2 [Ellelet — 6V, V" InQ — 6 (@ In Q) (@V In Q)} . (4.13)
The covariant derivative here is to be understood as being written in terms of w,
@VVV = 9,V, — efo,el Vi — w{,]eie‘fv,x. (4.14)

This is the same torsion-free covariant derivative corresponding to the Christoffel sym-

bols written in a different form.

4.1.1  Conformal scalar in tetrad formulation

I will consider the conformal scalar field in tetrad formulation in this section. In terms

of tetrads the action of Eq. (4.6) can be written as

1 1 -~
Sle, A, ¢] = Stetraale, Al + / le|d*x {—ze?ewaycpavcp — EFJ{,E’;e%pz : (4.15)
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Extremising the action with respect to the independent variables produces the fol-

lowing equations of motion.

~ 1 ~ ~

53? N Eg”VR =T, (4.16a)
~ A 1~

dp: V,Vip— 8R¢ =0. (4.16b)

Here I have contracted the equations with suitable tetrads to cast them in familiar
forms as in General Relativity. T, is the same conserved energy momentum tensor
obtained in Eq. (4.8) using the metric formulation of General Relativity. The scalar
tield equation above is invariant under the conformal transformation of tetrads and ¢.
These results are expected as the tetrad formulation is nothing but General Relativity

with different variables.

4.1.2  Conformal invariance of fermionic field in tetrad formulation

Let us recall the fermionic Lagrangian given in Eq. (3.15).

(6 . i _
Lr=3 <¢7K61V<8M¢ — dupr ey — Ew;/e”Ktp{ny, UI]}RL’) : (4.17)

The above Lagrangian transforms homogeneously with conformal weight of —4 under

conformal transformation of tetrads, provided the fermionic field transforms as

(v §) = (Q7ip, 0739) . 418)

The covariance of the Lagrangian can be seen by noting that the inhomogeneous trans-

formations of the first two terms cancel out and for the last term involving connection,

wle®ply oty = Qo Gy o}
+0™ (eie“ — eLeVI) 3y In Q e’ P{ vk, o1}y
= 974%11]3%775{7& oy}
+ Q_4 (UIKEV] _ 77]K€V1> 9,InQ 1;’{’)’10 UI]}IIJ
= Ot/ Py o}
+2 07 %9, InQ ¢{+, o1;}y

= Q*wle® gy, oy} (4-19)
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In the last step above I have used {7,017} = 0 which can be easily verified using
the properties of the v and ¢ matrices given in Appendix D. I will also discuss the

invariance of the Dirac equation in tetrad formulation given by Eq. 3.18 i.e.,

yKek Y9, — wy JetK g, oty =0. (4.20)

Under conformal transformation the above equation goes to

0 ( e Youp — ‘Uﬂ eyKVK‘TI]E”)
—Q: Gy%ﬁlpay InQ) — %evfav InQ) ’)/IO'I]l/J) =0
= O <7Ke§é “/a,ﬂp — iwf,]eVK'chmlp> =0
= YKk Yo,y — ~wleKykoyy = 0. (4.21)

Here I have used 7!0j; = 3iv; which again can be verified using the properties of the
v and ¢ matrices given in Appendix D. The Dirac equation in tetrad formulation is
thus invariant under conformal transformation.

In the tetrad formulation discussed above I have not considered torsion anywhere.
Let us now go to a broader picture where the connection is not presumed to be torsion-

free.

4.2 CONFORMAL TRANSFORMATION IN VIERBEIN-EINSTEIN-PALATINI FORMAL-

ISM

I will investigate conformal transformations in the vierbein-Einstein-Palatini formal-
ism in this section. Since the connection is treated an independent variable except
when it is on-shell, its conformal properties need to be discussed in two different lev-
els: off-shell and on-shell. By on-shell, I mean that the spin connection and torsion
have been replaced by their expressions obtained from the equations of motion. I will
discuss this in Sec. 4.3. At the level of the action however, the equations of motion
cannot be used. Nevertheless, tetrads and co-tetrads are related to the metric and they
transform in the same way as given in Eq. (4.10) and Eq. (4.11).

I I j ~1
e, — Qey, e; — O ey (4.22)
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For the spin connection A]I] , I do not know a priori how it transforms. To find its
transformation properties, I will write the transformation of the affine connection I'*, ,

in terms of the transformed tetrads and spin connection,

« = sany 5l Al 5] su
%, = 1%, =ejoue, + Ay jeve;

=620, (In Q) + efoye] + A;Il]e{/e‘}‘ . (4.23)

Here the transformed quantities have been denoted with a tilde above them. I can try to
determine the transformation of AL ; from this, by positing that the conformally trans-
formed connection V is compatible with the transformed metric §,, . Using Eq. (4.23),

we see that

ViuGap = 0uGap — T aGop — T upSu
= aM(ngw) —20%9,(In Q)gup — 02(8;,el(a)eé) - QZALI(e](aeﬁ)I)

=0. (4-24)

In the last equality I have used the orthonormality of the tetrads and the antisymme-
try of the spin connection AL] . Quite clearly, antisymmetry of Ai,] in I] is sufficient to
guarantee metric compatibility. Therefore metric compatibility is not sufficient to de-
termine the transformation of A, and only shows antisymmetry in the internal indices
I,].Iam thus at liberty to choose the transformation of the spin connection as long
as metricity is satisfied. However, the different possible choices are not guaranteed to
reproduce behaviour of usual General Relativity even in the absence of torsion. I will
now discuss a couple of such choices and consider matter fields to demonstrate how

these choices affect their conformal properties.

4.2.1  Nieh-Yan theory

Nieh-Yan theory [23] involves one of the possible choices of conformal transformations
of the spin connection. It should be noted that although the spin connection is an

independent variable, I can always decompose it in terms of the torsion-free w, which
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is completely determined by the tetrads, and the contorsion tensor A as defined in

Eq. (2.35),
AII] = wi/ + AL]. (4-25)

At the level of action )\L] is independent of the tetrads. In order to find the conformal
transformation of AL] , it should be noted that a)ll,] is defined completely in terms of the
tetrads regardless of whether it is on-shell or off-shell, and its transformation is given
by Eq. (4.12). The independent quantity in the connection is the contorsion component
AL] for which I do not know how it transforms off-shell. In other words, I do not have
any information about torsion and its transformation. But as discussed above, I can
make different choices about the conformal transformation of spin connection as long
as metric compatibility is retained. The choice will dictate what physical results I get
and also specify the transformation of torsion. The simplest choice in this regard was
considered by the authors in [23]. They considered the spin connection to be invariant

under conformal transformation,
I I
Al — Al (4.26)

Invariance of the spin connection implies that unlike in General Relativity, here the

Riemann tensor and the Ricci tensor remain invariant, while the Ricci scalar transforms

homogeneously,
R oy = F;V]e?eff — Fi,,]e?eg, (4.27)
Ryv = ;y]e?ell/ — F;‘uletlfel]// (428)
I 27l
R = Fy{,e?e} — Q0 ZFw],e?ey. (4.29)

This is one of the advantages of Nieh-Yan theory, we have a conformally covariant
theory of gravity. I will investigate further what the invariance of spin connection im-
plies and how it fixes the transformation of the torsion tensor. It should be noted that
in order for the spin connection ALI of Eq. (4.25) to remain invariant, the transforma-
tion of contorsion part A must cancel that of the torsion-free part w given by Eq. (4.12),
ie.,

A;,] — Ai,] —( Le‘]’ —e,7¢")9, In Q. (4.30)

35



36

CONFORMAL TRANSFORMATION

The transformation of torsion tensor, which is given in terms of A in Eq. (2.36), is thus
NY NY

C"‘W — C“W + 0,0, InQ) — 5;’:8]/ InQ). (4.31)

Clearly the Nieh-Yan torsion tensor YC"‘W transforms inhomogeneously, or in other
words, torsion acts as a gauge field in the conformal transformation group, which is
a fundamental result of Nieh-Yan theory. I will now consider the fermionic field and

the scalar field in this theory.

4.2.1.1  Fermionic field in Nieh-Yan theory

Because I am working with actions, I will consider the fermionic Lagrangian rather
than the Dirac equation. The Lagrangian of the fermionic field given in Eq. (3.21),

i - K - K Z I K=
Lr=3 (4’7 exdutp — Oy ey — ZAMIEV {7k ‘TI]}IP> , (4-32)
transforms homogeneously with conformal weight of —4 if the fermion ¢ is taken
to transform in the same way as in Eq. (4.18), provided A]I,] is invariant as in Nieh-Yan
theory. The Dirac equation can thus be expected to remain conformally covariant too.
But there are certain problems with the equation as we will see now. Let us recall the

Dirac equation in the vierbein-Einstein-Palatini formalism, which is given in Eq. (3.29),
'ykeﬁ ll’Dygb =0. (4-33)

If the spin connection remains invariant under conformal transformations, this

equation transforms to
_3 1
Ot (v’%{é YDy — 57 ekypdyIn 0) =0. (4-34)

Clearly, the equation is not invariant under these transformations. The source of this
problem lies in the fact that the spinor equation as written here was obtained after
using the total antisymmetry of the on-shell torsion. Let us see how this equation
transforms if I do not use any on-shell property of torsion that is derived from the

equations of motion. In this case I need to consider Eq. (3.23), i.e.,

1 i
YoeRoup + 5 Caekr Y — A ke = 0. (4.35)
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Replacing C*,,, with Nieh-Yan torsion NYce ., the above equation becomes

pcs
X ek o+ 3 NYCNW‘?K’Y - *A IEHK’YK(TUIIJ =0. (4.36)

The transformation of v YC“W can be obtained from Eq. (4.31) by tracing over first and

the last index of the torsion tensor,
e =N CY +30,In Q). (4-37)

Taking the above into account, we can see that the Dirac equation remains conformally
covariant. It is thus clear that if on-shell properties of torsion are used, the Dirac
equation does not remain invariant under the assumptions of Nieh-Yan theory. We
will see in Sec. 4.3 that on-shell torsion does not transform in the way given in Eq.4.31

above.

4.2.1.2  Conformal scalar in Nieh-Yan theory

I will start by writing the Lagrangian of the conformal scalar field in terms of vierbein-
Einstein-Palatini variables,
1 vl I J H v
Ly = —26 0,0y — 12 Epe; e]qb . (4-38)
In Nieh-Yan theory the torsion tensor that transforms inhomogeneouly as shown
in Eq. (4.31), bu FP{,], transforms homogeneously as in Eq. (4.29). This above Lagrangian
is not covariant as a result, with ¢ — Q~1¢.

The Lagrangian can be rewritten with the torsion-free part of F}g, in order to make

it conformally covariant,

1, ol 1 _ 1

1 1
48 NYC]M/U' NYC}IVU’ 24 NYCyvo Nycv;w) )

(4-39)

We can see that the coefficients of ¢? in the above add up to produce the Ricci scalar R

corresponding to the torsion-free connection. The Lagrangian can thus be written as

1
L= Eel e"19,,90,¢ — T ]%e’;eﬁ) . (4-40)
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This is the same Lagrangian of conformal scalar of Eq. (4.15) in tetrad formulation and
transforms homogeneously with conformal weight of —4. Evidently the corresponding
equation remains conformally invariant.

It should be noted that I have written the Lagrangian given by Eq. (4.39) with the
full torsion-free Ricci scalar so that in the torsion-free limit, the Lagrangian remains
conformally covariant. But if I am not concerned about the torsion-free limit, the min-

imum modification of the Lagrangian is

1 1o 1

1 NY NY 1 NY NY
_@ C]/H/U' C]z{VU - ﬂ C‘Ll]/U‘ nyg . (4.41)

This Lagrangian transforms homogeneously with conformal weight of —4 under con-

Fﬂ,e? eygbz from the Lagrangian given in

formal transformation. I have removed the 15
Eq. (4.39) because this term transforms homogeneously and does not affect the confor-
mal covariance of the Lagrangian in Nieh-Yan theory. The corresponding scalar field
equation

1o 1 1
VVVP‘(P _ (P <3vy NYC(szH + 6 NYC'H;[U NYCVVO' . ﬂ NYC;H/U NYC]JV(T

1
_E NchV(T NYCI/V(T) —0. (442)

is also conformally invariant. Clearly in the torsion-free limit the torsion terms in the
above Lagrangian and equation vanish. Consequently the conformal covariance (or
invariance) gets lost when torsion vanishes. This reinstates my previous statement
that torsion-free limit, not all the results and equations of Nieh-Yan theory reduce to

the corresponding results and equations in General Relativity.

4.2.2  Conformally invariant torsion

Although Nieh-Yan theory gives a conformally covariant theory of gravity, not all its
results can be identified with those in Einstein’s General Relativity in the absence
of torsion. For example the conformal transformations of different quantities do not
reduce to those of General Relativity when torsion vanishes as we have seen in case

of conformal scalar in the previous subsection. I am interested in a formalism which
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resembles Einstein gravity and in which different entities transform in the same way
as in usual General Relativity when torsion is taken to vanish. In such a theory, I
must assume that torsion transforms homogeneously under conformal transformation,
unlike in [23] where torsion acts a gauge potential in conformal group. In other words,
the spin connection A,I] should transform in the same way as wil] does while Ai,]

should remain invariant i.e.,

AL](E w{,] + A{l]) — Ai,] + (ei,ej"‘ - e{,e”‘)aa InQ), (4-43)

and
A= A (4.44)

In this case torsion in non-zero but conformal transformation is given by that of
tetrads only. Above transformations immediately imply that torsion tensor given by

the simplified form in Eq. (2.36), remains invariant i.e.,
Invctx}w N Invcuc‘m/ ) (445)

It should be noted that if any index of the torsion tensor is raised or lowered, there
will be a conformal weight factor due to the metric involved in the raising or lowering.

The Ricci scalar contains extra terms involving torsion when transformed,

Fﬂe’;e? - 072 Fi,{e?e? — 6@;4@” InQ)—6 (ﬁﬂ In Q) (@” In Q)

—4 I”UC“WV&)H In Q} . (4-46)

It is interesting to note that although torsion itself does not transform, it appears
as a part of the transformation. I will now look at the fermionic and scalar field in the

presence of invariant torsion.

4.2.2.1  Conformal properties of fermionic field with invariant torsion

Let us recall the Lagrangian of the fermionic field,

L . i ]
Lr=35 <1P’YK3§3H1/J — el — EAL]e”Kl/){'yK, UI]}¢> . (4.47)
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In order to see how this Lagrangian transforms, it should be noted that with the trans-
formation of the spin connection given by Eq. (4.43), the last term in the above La-
grangian remains unchanged as we have seen in section 4.1.2. The inhomogeneous
transformations of the other two terms cancel each other and as a result, the La-
grangian transforms homogeneously with conformal weight of —4 as before. Let us
now see what the invariant torsion implies for the conformal invariance of the Dirac
equation.

With the spin connection transforming inhomogeneously given by Eq. (4.43), we
can see that the term containing the spin connection in the Dirac equation of Eq. (3.28)

transforms as
Al Koy = QA ygorp + 2 ykpd, In Q). (4-48)

This implies that the Dirac equation remains invariant with i — Q%lp, although the
equation uses the skew symmetry of on-shell torsion. This is a difference with what
was observed in Nieh-Yan theory, where I showed that using the on-shell expression

of torsion breaks the conformal invariance of the Dirac equation.

4.2.2.2  Conformal scalar with invariant torsion

Let us now look at the conformal scalar with invariant torsion. As in Nieh-Yan theory
I will start by writing the Lagrangian of the conformal scalar in terms of the vierbein-

Einstein-Palatini variables,

1 v v
Ly =—5ee"0updutp — 15 ~Ellelel?. (4-49)

Using the transformation of the Ricci scalar given by Eq. (4.46), we see that the above

Lagrangian transforms as
Ly — Q*Lp+ %0—44;2 et F9,In Q. (4.50)

The minimal modification that makes the Lagrangian conformally covariant is the

addition of a torsion term,

1 v v no ~%
Ly = —5efe aupog — — LEl eheg? <PV et (4.51)
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This Lagrangian transforms homogeneously because the added term has the following

transformation.
1, 1, 1
E(PZVV Im;cﬂélxﬂ N 074 <6(P2vﬂ Inz;cﬂélxﬂ + g472 Invcl"aﬁay In Q) . (4.52)

The above might seem to suggest that torsion transforms inhomogeneously al-
though I am considering invariant torsion. It should be noted that C*,, is conformally
invariant. Raising or lowering of indices involves the metric and thus results in a con-

formal weight e. g.,
cfo= et a-2ct,f
o= gy, = W (4-53)

Taking a derivative with respect to V thus results in an inhomogeneous transformation.
Also the transformation of f"‘w adds to the inhomogeneous part. The scalar equation

corresponding to the Lagrangian given in Eq. (4.51)
ViVl — — ;% 1e7¢ = Wu et =0. (4-54)

is invariant under conformal transformation. In the torsion-free limit, the above equa-
tion and Lagrangian given in Eq. (4.51) reduce to their counterparts in the tetrad for-
mulation of General Relativity. Thus unlike in case of Nieh-Yan theory, here the the

torsion-free limit reduces to General Relativity.

It should be further noted that I can also write the torsion-free part of the Ricci
scalar with quadratic torsion terms, as I did in the case of Nieh-Yan theory, without
affecting the covariance of the Lagrangian or invariance the equation. This is because
the quadratic torsion terms transform homogeneously with conformal weight of —2.

I can thus say that the general Lagrangian for the conformally invariant scalar field

is

1
E(P 26? VIaP‘4)aV(P 12 }I“]/eye}/q)
1
5 I a I B
— ¢ <6VH YZZ}C o + ﬁ nUC uo nvCVl/U
1 1
_@ Invcyva Invcyva 24 InvcllVU InvC ) (455)

Similar to what was obtained in Nieh-Yan theory, the coefficients of ¢? can be identi-

fied as —%ﬁ. This implies that although I am dealing with non-zero off-shell torsion,
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for the conformally invariant scalar field the Lagrangian can always be written with

torsion-free Ricci scalar.

4.3 DYNAMICALLY GENERATED TORSION AND CONFORMAL TRANSFORMATION

In this section I will deal with dynamically generated (on-shell) torsion and see its ef-
fects on conformal properties of matter fields. Torsion is sourced from other dynamical
fields and it comes from the equations of the spin connection. So nothing is assumed a
priori about the transformation of torsion. We have seen in chapter 3 that spinor fields
can produce torsion. I will demonstrate how non-minimal scalar fields can also pro-
duce torsion on-shell. But there are problems with the conformal weight of the torsion
terms if they are dynamically generated. We will see that on-shell torsion transforms
homogeneously but unlike invariant torsion, its transforms with an overall weight. I

will demonstrate these problems and possible solutions with specific fields.

4.3.1  Dynamically generated torsion and conformal scalar

The total action including the conformal scalar, in terms of vierbein-Einstein-Palatini

variables is given by
1
Sle, A, ) = Svenle ]+ [ leldt |~ Jeled,00,0 - SEletR] . so

Extremising the action with respect to the independent variables produces three sets

of equations,

1
1
+6 <Fi{131 ey — zgptv iée?e]ﬁ)> (4.572)
1 2
sAL . A;I] = w{,j[e] + = 5 (eye]“ eLe“‘) JyIn <1 — KZ) , (4.57b)

5+ V, Vi — %e’feyqb:o. (4-570)
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Here I have contracted the equations with tetrads in order to convert them to familiar
forms. It should be noted that in Eq. (4.57¢), the first term has been written in terms

of the torsion-free derivative since
V.Vt -V, Vi = $"0,4 =0, (4.58)

which follows from the definition of contorsion tensor given in Eq. (1.17). The right
hand side of Eq. (4.57a) does not contain the full energy-momentum tensor as can be
seen on comparison with Eq. (4.8). As a result it will not be a conserved tensor. This
is because in this case the Einstein tensor G, , which appears on the left hand side
of the equation, is torsionful. I can separate the torsion-free and torsionful parts by
considering the on-shell expression of the spin connection (4.57b). Before getting into
this, let us first see how Eq. (4.57b) can lead to non-zero torsion. The spin connection

up to O(x) can be written as

I o o

Comparing with Eq. (2.35), the second term in this equation can be identified as con-

torsion A,

K
Ai,] =~1 (e el* — eLe“‘) 8;,4)2. (4.60)

This gives the following expression for the on-shell torsion tensor
05t = = (810,97 — 839,4%) - (461)
IV ANG v

It should be noted here that the expressions of on-shell torsion found Eq. (4.61)
have been found in other contexts like conformal Standard Model [56]. I have obtained
the expression for on-shell torsion from the equation of the spin connection whereas
in [56], the conformal transformation of the torsion tensor was postulated in a form

which seems to come from the expression given in Eq. (4.61). Inserting Eq. (4.59) in

Eq. (4.57a) gives

Fapeies — zgzw aﬁe?eﬁ = K( upov — ;wg 8a4>8ﬁ4>+ ( anetey)

~ g8kl + ¢ [gyNN"cp VM«PD o).  (462)
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I have thus obtained the correct energy-momentum tensor, with O(x?) contribu-
tions which can be neglected. There is however another problem with Eq. (4.57¢). I can
insert Eq. (4.59) in Eq. (4.57¢) to write it up to O(k) as

XK ~ -~
91— SElefelp + X9V =0, (4.63)

Upon a conformal transformation this equation becomes

~ 1~ ~ o~
- (WV"4> - 6R¢> + %Q*SWN%Z - 20*5¢2g“5aa4>8ﬁ4>

%075(/)3@,%@“ InQ)=0. (4-64)

Clearly the equation is not conformally invariant. The last term in Eq. (4.63) not only
has different conformal weight, it also transforms inhomogeneously. The source of this
discrepancy lies in the expression of spin connection, more precisely the contorsion A,

which transforms as

AL] — QfZA]I] + 2072 (elﬂe]“ e{l ) ¢, In Q). (4.65)

The conformal weight of AL] is different from that of the torsion-free part w{,] of
Eq. (4.12) and also it transforms inhomogeneously. I can resolve this problem by mod-
ifying the action such that it does not produce torsion dynamically. The connection
used in the vierbein-Einstein-Palatini formalism is not torsion-free a priori. However,
the R¢p? term in the metric formalism, is constructed from a torsion-free connection.
Therefore, in the vierbein-Einstein-Palatini formalism if I construct the non-minimal
R¢? term only from the torsionless part of the connection I can eliminate on-shell

torsion. The total action now reads

1 1 -~
Sle, A, ¢] = /|e|d4 I{,e?e?+/|e|d4x <—26?6”8V¢8V¢—12 [w ]ﬂ,e?eﬁb) .
(4.66)
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The equations of motion as obtained from this action are

1 1 1 -~ 1 ~
(5e‘]’ 'Ry — Eg”VR =K <8H¢8V(p - ngg"‘ﬁaafpaﬁcp + E(RW — EgWR)(p2

1 ~ o~ ~ o~
+6 [g;wvava(,bz - Vyvvfpz}) ’ (4.67a)
SAL AL] = a)i,] le], (4.67b)
~ 1~
o¢ :V,Vip — 6R4) =0. (4.67¢)

The scalar field equation (4.67c), thus gets back the torsion-free, conformally invari-
ant form given by Eq. (4.5). The action in Eq. (4.66) leads to vanishing on-shell torsion
and the equations can be identified with those in the usual metric formalism. Also
upon using the on-shell expression of the spin connection given by Eq. (4.67b), the left
hand side of Einstein’s equation (4.67a) becomes torsion-free and the equation can be
identified with that in the tetrad formalism given in Eq. (4.16). I have also discussed
an alternative but equivalent method of obtaining conformally invariant scalar field

equation in Appendix B.

4.3.2 Dynamically generated torsion and fermion

I will now consider the conformal transformation of fermionic field equation when
the on-shell torsion arises from the field itself. The expression for the on-shell torsion
with fermionic field was found in Eq. (3.27), and using this expression, I obtained a

nonlinear Dirac equation

7 ek - fwzfe”K KOy — 41P{71<,0U}¢{7K,0”}1/J=0- (4.68)

Comparing with the Dirac equation in the tetrad formulation, I recognize that the first
two terms are covariant under conformal transformations. The cubic term however

transforms with a different weight, as can be seen from the transformed equation,

Q3 <’)/Ke§éa;4‘/7 *wV]eHK K(TI]IIJ> ——Q “/J{'YKf‘TU}l/J{’Y oy =0, (4.60)

The nonlinear Dirac equation is thus not invariant under conformal transformation.

The source of this difference in conformal weight is as follows.
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The cubic term which breaks the invariance of the equation appeared due to the
dynamically generated contorsion A. I will consider the transformation of the spin
connection of Eq. (3.22b) to see this.

A]I] — w{f le] + (e]ﬂejv — e{leh’) 9y InQ) + Q’zAII]. (4.70)

The two components of the spin connection w and A(= §¢{yk, o }lpeﬁ) transform
with different conformal weights. This is because they come from two different sectors
of the theory. While w comes from the gravity sector and is fully determined by the
geometry, A comes from the matter sector, in this case fermions. But these two sectors
have different conformal weights. The fermion Lagrangian transforms homogeneously
with weight —4 but R in the gravity part has weight of —2. This difference shows up
in the transformation of A. The transformation of the spin connection also implies that

torsion as given by Eq. (3.27) transforms homogeneously with conformal weight —2,
OSCVpA N Q—Z OSCVP/\ ) (471)

It is thus clear that on-shell torsion tensor (with index positions as above) trans-
forms homogeneously unlike in Nieh-Yan theory where it has an inhomogeneous
transformation. Also the above transformation is different from that of the invariant

torsion of Eq. (4.45) because it transforms with a factor of Q2.

I can thus conclude that similar to what has been observed in the case of scalar
field, dynamically generated torsion also breaks the conformal invariance of Dirac
equation. I can try to make the Dirac equation conformally invariant but this requires
the fundamental theories to be modified as I will discuss below.

There are different ways to proceed in order to reinstate conformal invariance. First,
if I have an action for gravity that scales in the same manner as the matter action, I
can eliminate the above mentioned weight difference of w and A altogether. A scale
invariant theory of gravity with spinors, as discussed in [57] where the authors con-
sidered Brans-Dicke (BD) theory of gravity, might be able to provide a way out. If it is
possible to construct such a theory of gravity without affecting the on-shell quantities
obtained, I will get back the conformally covariant Dirac equation. Another way was
discussed in [58] where an invariant theory of Dirac field was considered in conformal

gravity such that the nonlinearities in the Dirac equation do not appear.
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A third way of making the Dirac equation conformally invariant is to modify the
fermionic Lagrangian. If I am interested in the conformal invariance of the Dirac equa-
tion alone, the spinor Lagrangian can be modified by the addition of a quartic term.
The term should be chosen in such a way that it cancels the cubic term thereby making
the equation linear. It should also be kept in mind that this term should not affect the
expression for on-shell torsion i. e., the spin connection should not appear in it. I will
modify the spinor Lagrangian as

if- _ TI
Lromod = 5 (svaeiéayw — 0uyNeip — A e Pl on by

+%1l3{71<, or b p{, UI]}lIJ) . (4.72)

The equation obtained by extremising the corresponding action with respect to ¢ is

i K _
vRebdup — ~ AletKaxory + — @ {ye, o yp{rX ey = 0. (4.73)
4 64

Also, extremisation with the spin connection produces exactly the same expressions
for the contorsion A and torsion C as found in Eq. (3.24) and Eq. (3.27) earlier. So
when putting the on-shell expression of the spin connection in the above equation
gives nothing but the linear Dirac equation which was obtained in tetrad formulation
ie.,

1
veekouy — wle ko = 0. (4.74)

I have thus eliminated the cubic term and obtained the conformally invariant Dirac
equation. The added term however, also cancels the O(x?) on the right hand side of
Einstein’s equations (3.31). In other words, with the addition of the term I am effec-
tively dealing with a torsion-free theory.

Also, unlike in Nieh-Yan theory (and invariant torsion), the Lagrangian above is not
conformally invariant although the equation it produces is invariant under conformal

transformation.
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4.4 GENERAL OFF-SHELL TRANSFORMATION

I have discussed two possibilities of the transformation of the spin connection Ai,] in
the level of action. The two cases can be parametrised with a single parameter. In order

to do that, I will write torsion-free part of the connection as
I I I
wl = Al -yl (4.75)

The transformation of w is dictated from that of the tetrads and this implies that the
right hand side of the equation has a definite conformal transformation. If I consider
the case where A,I] remains invariant, A,I] must transform like w{] with a negative sign
(Nieh-Yan). On the other hand, if it is A,I] that remains invariant, A;I] must transform

like w,{f (invariant torsion). The transformations

A;I] — A;,I +¢ (ei,e]” — e,LeIV) o, InQ), (4.76)
Al s Al —(1-¢) (e;efv - e{,e“) 3, InQ, (4.77)

interpolate between the two cases with ¢ = 0 and ¢ = 1, with Nieh-Yan theory cor-
responding to ¢ = 0 and invariant torsion corresponding to { = 1. Other values of
¢ also correspond to conformal transformations, with the Dirac Eq. (3.23) remaining
invariant for any value of ¢ between 0 and 1. This parametrization may be compared
with that postulated for the transformation of torsion in conformal gravity [59], where
it is an undetermined constant. For the scalar field however, the non-minimal coupling
term — 5 Rp? must be written using the torsion-free Ricci scalar in order for the field
equation to be conformally invariant, as was observed for both Nieh-Yan theory and

invariant torsion.

I will conclude this chapter with a few remarks. We have seen that dynamically
generated torsion does not transform inhomogeneously at all. There is of course an
issue with torsion if considered to be given by the equations of motion alone: the
contorsion part has a relative weight over the torsion-free part.

For minimally coupled fermionic fields, the on-shell torsion resulting from the
fermion coupling makes the Dirac equation nonlinear. This equation is not conformally
invariant. We have seen that there are different ways of restoring conformal invariance
of the Dirac equation, one of which involves the addition of a quartic term in the

Lagrangian. This term helps to recover the conformally invariant linear Dirac equation
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by setting the torsion to vanish on shell, but the cost is the additional quartic term. It
should be noted that it is also possible to consider the torsion, or alternatively fermion,

as a source of explicit breaking of conformal symmetry, as was done in [60].
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We have seen in chapter 3 that torsion induces an effective self-interaction among
fermions thereby making the Dirac equation nonlinear, analogous to the Nambu-Jona-
Lasinio model [61, 62]. This feature has been exploited in particle physics, for example
in [63] it has been suggested that torsion induces interactions among leptons identi-
cal to the weak leptonic interactions in Weinberg’s standard model [64]. The quartic
interaction induced by minimal coupling of fermions with torsion has been shown to
help replace the big bang singularity with a cusp-like bounce [65]. In cosmological
models [66-68] the possibility of a self accelerating universe has been discussed with
the help of torsion. Also it has been suggested that the four-fermion interaction orig-
inating from spin-torsion coupling can be seen as dark energy [69]. The possibility of
inflationary phase in the early universe has been discussed using only spin and torsion
without the need of any extra fields [70]. In this chapter' I will use the four fermion

interaction to explain the source of neutrino mass and oscillation.

Neutrinos were originally thought to be massless charge neutral particles. However
in order to explain the flavour oscillations of neutrinos, it is necessary to assume that
neutrinos have mass eigenstates different from their flavour eigenstates [71]. But the
origin of neutrino mass is a mystery [72, 73]. The Standard Model of particle physics
is successful because it encompasses all the known elementary particles and the inter-
actions between them, explains the masses of elementary particles. Particles get mass
in terms of electroweak symmetry breaking and the vacuum expectation value of the
Higgs field. The Higgs field in the electroweak theory is a complex doublet whose po-
tential reaches a local minimum for a continuous range of configurations of the field,
corresponding to a non-vanishing vacuum expectation value (vev) of the neutral scalar

Higgs field. This is the phenomenon of spontaneous symmetry breaking, which means

The work reported here is based on the paper "Geometrical contribution to neutrino mass matrix", Sub-
hasish Chakrabarty and Amitabha Lahiri, Eur. Phys. J. C 79, 8, 697 (2019).
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that the vacuum is not invariant under the symmetry transformations of the classical

Lagrangian and the quantum Higgs field consists of fluctuations around this vev.

In the Standard Model, it is the SU(2) x U(1) electroweak symmetry which is
spontaneously broken in the vacuum. For the fermions, this symmetry is a chiral one.

Let us focus on the leptons, but what I say can be generalized to quarks quite easily.

v
Left-handed components of leptons pair up into doublets of weak isospin ¥, = k

eL
while a right-handed component has never been observed for the neutrino and thus

the right-handed electron er is by necessity a singlet. The Higgs doublet field ® =
(P+
¢°

interaction

couples left-handed doublets to the right-handed singlet via the Yukawa-type

—he <l?eLq)eR + e_RCDJr\PeL) . (51)

For quantisation, ¢ is expanded around its vev v as ¢° = %(v +H+iC) with H,{

being quantum fields. Then the Yukawa terms can be written as

% _ 1 .
e |:\/2(€_L€R +2rer) + VeLerd " + Erver T + ﬁ(eeH +ieysed)| . (5-2)

The first term, which provides the mass of electrons, thus owes its existence to sponta-
neous symmetry breaking. Since the Standard Model does not include a right handed
component for the neutrino, a mass term for the neutrino is not generated by the

Standard Model interactions.

But this is not completely true, as was first noted by Wolfenstein [74]. Interactions
with a medium results in effective masses for the neutrinos belonging to different lep-
ton families, leading to mixing and oscillations between the different neutrinos, an
effect that has been used to explain the solar neutrino problem, as well as the shortfall
of electron-antineutrinos coming from reactors. Neutrino oscillations occur because
the mass eigenstates of the neutrinos are not identical with their flavour eigenstates.
But the neutrino masses must be non-vanishing as well as close to one another for
this argument to explain neutrino oscillations in vacuum. In material media the effec-
tive mass of the neutrino is significantly modified because of interactions. The change
is different for the electron neutrino v,, which has both charged-current and neutral-

current interactions with the electrons in the medium, compared to v, and v which
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have only the second kind of interaction. This can enhance neutrino oscillations signif-

icantly, depending on the distance travelled in matter by the neutrinos.

Let us first see what happens to neutrinos propagating in vacuum [71, 75, 76]. If the
neutrinos are all massless and thus degenerate eigenstates of the Hamiltonian, there
will be no oscillation. Suppose however that the neutrinos have mass, different masses
for different species, and further that the mass eigenstates are not identical with the
flavour eigenstates. This assumption represents departure from the Standard Model.
It is justified a posteriori by the observation of neutrino oscillations [77-81]. The price
of this assumption is the introduction of additional dynamical degrees of freedom,
at scales beyond current limits of experimental observation, to protect electroweak
gauge symmetry. Then there will be mixing among neutrino eigenstates, which can
be parametrized by a unitary matrix. The neutrino field v; which appears in a doublet
with a lepton [ is related to the field v, whose excitations are mass eigenstates by this

matrix U as [82]

viL) = ;Ula\vaﬁ : (5.3)
At time ¢, the flavour eigenstates are related to the mass eigenstates by

viL) = ;fiE“tUm!VaQ : (5-4)

It can be usually assumed quite safely that in any process different neutrinos are pro-
duced with spatial momenta of the same magnitude, so that if neutrinos are massless
or if all neutrinos have the same mass, all the E, are the same and there is no os-
cillation among the neutrino flavour states. I will then suppose that neutrinos have
different masses, m, # 0 and all different. Then the probability of finding a vy at time

t in a beam that had started out as v; is given by

Py () = [(vplvi(£))]?

=) ‘Uﬁaulaufﬁul'ﬁ cos ((Ex — Eg)t — durap) » (5-5)
w,p
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where ¢y,p = arg (LI,*, Hia LIl*ﬁLlw) . The neutrinos are ultrarelativistic and start with
2
the same spatial momenta, so I can write their energies as E, ~ E + 5. I can also

replace the time of travel t by the distance of travel x and write

(g — m)x
PVZ/VI Z )Ul/ Ul“ulﬁup‘g‘ COS T - (Pll/“‘B . (5.6)

Clearly there will be no mixing and no oscillation if the neutrinos have vanishing mass
in the vacuum. Interactions with a medium results in different effective masses for the
neutrinos belonging to different lepton families, as first noted by Wolfenstein [74], but
a neutrino mass is still needed. On a curved spacetime however, geometry provides
an additional interaction with other fermions, thus a contribution to the Hamiltonian,

challenging this conclusion.

Let us recall the nonlinear Dirac equation of Eq. (3.30)

7 edu — wy ey + myp — 64¢{m o bp{rS, ey =o0. (57)

This equation was obtained from the total action of Eq. (3.19). The last term in the Dirac
equation in particular, resulted from the on-shell expression of the spin connection

given by Eq. (3.22b) i.e,,
K _
Al = wlle+ M) = wllel + gp{rx o Thpey (5.8)

Using the properties of v and ¢ matrices (Appendix F), the Dirac equation can be

written as
3ik
eeiduy — wu ety +mp + =~ (lmlv%) 1Y’ =0. (5.9)
Also Einstein’s equation is given by
1
R],n/ - Egva = KTyv 7 (5-10)

where the stress-energy tensor T, is now quartic in the fermionic field,

T (9, 8) = 7 (durrvel — Pridupel + follelflron}t + ¢+ (1 & v))
+imgu Py — nguv (1/37175‘/7) . (5.11)
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It should be noted that the above equations are for one species of fermion only. One
important point often gets overlooked or at least is not explicitly mentioned, which is
the fact that every fermion field must be included in the matter action and therefore

all fermions will be present in the expression for spin connection,
Al = K KN 1]
= w# g¢u ;’abf{’YK/U oy, (5.12)

where the sum is over all species of fermions present in the universe. This term will

also appear in the nonlinear Dirac equation for each type of fermion,
Kehy o — Lol oK st (Y G 50— 0
vheduti — g et yon it mypi+ == | By Y | iy = 0. (5.13)
f

We have seen in Eq. (5.8) that the spin connection comes out in the form AL] =
w;,] + Ai,] on-shell. Let us see what happens if I decompose the spin connection in this
form on-shell with A being independent of the tetrads as long as equations of motion

are not used. With this decomposition I can write Fﬁ(A) as

Fil(A) = Ell(w) + a[”Af/{ + [wm,Av]} - ﬂKLAfKAU (5.14)

v]

Extremising the action

S= [lldx [ (Fil() +2unl] + [wp, Ag] + KAL) efef
+5 Zf (@r7*ek Diigs — (§y7*ek Dl)* +2m iy )
+2K771<L1\[H<1\L]] yt’] +1 Zf U‘/’f{’Y Ull}lpf}

(5-15)

with respect to A I find that the only nonvanishing variations come from the fermionic

part of the action and the last term of F;g,(A), so that the equation of motion for A is
AT = 28V Gy, o} (5.16)
w = glu - FUYKS Py 5.

I can insert this solution for A into the Einstein’s equations and the Dirac equation,
which are then exactly the same as the equations found above. Furthermore, if I sub-
stitute this expression in the action, the resulting Einstein’s equations and the Dirac

equation are also exactly the same as found above. In general, inserting a solution into
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the action gives incorrect results. In this case however, the antisymmetrized covariant
derivative of A contribute to a total derivative in the action, so A is an auxiliary field
(see Appendix (C)).

The total action of gravity with fermions is thus

+21*K77KLA[I;I[<A§]I€?€y +% Zf CIPéA]I]lpf{’)’K, (T]]}l,bf:| .
(5.17)

What I have is nothing more than general relativity with fermions. The contor-
sion A is an auxiliary field which enforces the interaction of spacetime geometry with
fermionic fields but does not propagate. In the absence of fermions A vanishes, irre-
spective of any bosonic fields present as long as they are minimally coupled to gravity.
Again this is all very well known, but writing the action in this form draws attention
to another aspect which seems to have been overlooked.

The invariance of this action under local Lorentz transformations means that A
transforms homogeneously under them. In particular, the last term of the above action
is invariant on its own. Since A does not transform inhomogeneously, the coupling of
A to fermions is not like the coupling of a gauge field to fermions. The transformation
of fermions does not affect that of A, so their coupling is not protected by any invari-
ance. This way it is more analogous to the coupling of a real scalar field to fermions —
the coefficient of ¢y can be freely set by hand. But unlike a scalar field, A can couple
chirally to fermions — it couples to the left-handed neutrinos irrespective of whether
or not there are right-handed neutrinos in the universe. So there is no reason why
different species of fermions cannot be coupled to A with different coupling strengths,

analogous to the Yukawa coupling of fermions to a scalar field.

Therefore the generic form of the action of fermions coupled to gravity must be,

not (5.17), but

5= [leld*x [LEL()elej+ 1 Ty (§,7%ek Dlyy — (§7¥ek D) +2msG4)
ok AN efel + § Y Alek (A s {oS o g
+ArPrR{YS o1} sR)]
(5.18)
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where I have taken into account the possibility that the tensor currents due to left and
right-handed fermions, which transform independently under local Lorentz transfor-
mations, may couple to A with different coupling constants Ay and Asg, respectively.
Even though in this form the action appears to be a philosophical departure from how
fermions have always been treated in general relativity, it is in fact a generic form
which must inevitably appear when fermions are put in curved spacetime, unless the

coupling constants A are set to zero by fiat. Furthermore, since A leads to a torsion
K .
C"‘W = Afiewe‘}‘ = EeUKLeﬂ‘eMevK ZAfl,bf’yL'yg,gbf, (5.19)
f

which is totally antisymmetric and thus does not affect geodesics, all particles fall at
the same rate in a gravitational field and the principle of equivalence is not violated
by these coupling constants. I have also checked that inclusion of coupling constants

does not affect the current conservation of different fermions (Appendix E).

Solving for A and inserting the solution back into the action as before, produces

the effective action

S = /|€|d4x [ifﬂ(w)ew +3 X <¢’f’)’K€1Z Dlipr — (r7¥ef Dl + melﬁf’#f)

2
3 (I Ardrm 9+ Apedrrr vye) ) ] '
(5.20)

I will use this action of fermions in curved spacetime as the starting point of further
calculations below. It is in fact not meaningful to work with a Dirac equation contain-
ing A, because A must always equal its on-shell value. Furthermore, the quartic term
is independent of the background metric, but must be included as long as there is
gravity in the universe. The only ways this term can be absent from the action are if
gravity is turned off (x — 0), or if the quartic couplings A, are assumed to be zero.
This term is suppressed by two powers of Planck mass compared to the mass term,
but it could still help avert gravitational singularities [19, 65, 83, 84]. We will see that it

can also in principle allow neutrino oscillations even when the neutrinos are massless.
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5.1 NEUTRINO OSCILLATIONS

In considering the propagation of neutrinos through normal matter, i. e. solar or stellar
cores or nuclear reactors, I need to take into account only the effects due to electrons
and nucleons (or three colors each of up and down quarks) in addition to the quartic
self-interaction of the neutrinos. Weak interactions will be present of course, I will
come back to the effect of that. I will also restrict to only two types of neutrinos as

before. The quartic term relevant to my purpose is

3K _ _
g(ll_’#’)z - 16 ZﬁAVa/\V/S (Va')’IVa>(Vﬁ’)’IVﬁ)
a,
_22/\1/.1 (1704')’11/04) (—)\fvlpf")’lipf + )‘fAll_]f')’I')’E)ll]f) +ee,
o f
(5.21)

where I have used the fact the neutrinos are left-handed, written Ay = %(/\ L—AR),Aa =
2(AL+ AR) for the other fermions, and indicated by dots the terms which do not in-
volve neutrinos. It is easy to see that the v, which appear in the above expression,

i.e. those which couple to A in (5.18), must be the mass eigenstates.

Following Wolfenstein [74] I calculate the forward scattering amplitude of the a-

type neutrinos,

3k, _ . b D
M = = (T71ve) Ay, <ZMVWIV/S + X (Awdertys - AfAl/’f"YI"YSl/’f>> ’
P

f=epn

(5.22)

where the average is taken over the background. In the second sum, the spatial compo-
nents of the axial current average to spin in the nonrelativistic limit, which for normal
matter is negligible. The axial charge is also negligible. Similarly, the spatial compo-
nents of the vector current average to the spatial momentum of the background, which
can also be neglected. Since neutrinos are ultrarelativistic, their density inside a finite
volume such as a star is bounded by the rate of production times the average density
of the region, i.e., several orders of magnitudes smaller than the density of electrons

or baryons. Thus the average of the neutrino term can also be neglected.
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So what I am left with is the average of the temporal component of the vector

current of fermions, which is nothing but the number density of the fermions,
(P7°9) = —(pjys) = —ny. (5.23)

It should be noted that the “density" of the fermion field is the time component
of J# = el Ppylyp. If the spacetime allows a 3+1 decomposition of the background
metric as g = (—A% + hi;), the volume measures can be related as /—¢ = MWh
and ¢! = A7169, where 6] is the Kronecker delta. In this case J° = —A~!yTyp which
is integrated over three spatial dimensions against the volume measure Av/71. I have

assumed this decomposition.

The contribution of the forward scattering amplitude to the effective Hamiltonian

density is therefore

wm( y Afnf)zwzvm 520

f:e,p,n o

where I have now dropped the subscript V and absorbed a factor of \/% in the
definition of each of the A.

This term acts as an effective mass term for the neutrinos, with m, = A, p, where
p = Y Asny is a weighted density of fermions (excluding neutrinos) that is the same
for all neutrinos. This effective mass term modifies the mass of the neutrino and thus
the oscillation formula, but even more interestingly, this term will cause neutrino os-
cillations even if neutrinos are massless. In that case, with two species of neutrinos

I should replace |m3 — m3| by p?|AZ, — AZ | for constant density. The mixing matrix

cosf sinf
takes the form U = , so the probability of conversion of one par-

—sinf cos@
ticular flavour of neutrino into the other in a regions with constant density becomes

ZA 2
Peony = sin® 26 sin? <p4E)\ x> , (5.25)

2 ()2 2
where AA® = [A], — A7 |.
This result is qualitatively different from the usual formula for neutrino oscilla-
tions in vacuum. If I do not write a mass term for the neutrino, all contributions to

neutrino mass comes from the quartic interaction of the neutrino with fermions in the
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background as well as with itself. The actual background geometry of the spacetime
does not contribute to the effective mass, at least for small curvatures, for which the
leading order result of the forward scattering amplitude is sufficient. Thus a neutrino
propagating through vacuum would not oscillate into different flavours, but oscilla-
tion would occur only in the region where there is a fermion density and stop when
the neutrino leaves that region. This is exactly like what happens for oscillation due to
weak interactions, except for the fact that in the case of quartic interaction induced by
torsion, leptons and baryons all contribute to the effective mass of neutrinos. It should
be noted that the coupling constants A cannot be fixed by appealing to a more fun-
damental theory, but are in principle measurable by looking at oscillations when the
neutrinos pass through different media, such as stars with different baryon densities,

or nuclear reactor cores.

A non-vanishing Ay for any fermion requires that the left-handed component of
the fermion does not couple to torsion with the same strength as the right-handed
component. Thus chiral symmetry is broken by torsion, or alternatively, by the quartic
term which has its origin in spacetime geometry. It should be noted that it is not only
neutrinos, but all fermions get a contribution to their masses from this geometrical
mechanism. Even if I assume that the contribution to effective mass is of the same
order for all fermions in the same background matter density, the mass of very dense
stars can be significantly larger than what is calculated from their baryon count. This

can be expected to affect stellar models, dark matter estimates, and cosmology.

5.2 WEAK INTERACTIONS

Neutrinos passing through matter will also interact with it via electroweak gauge
fields. In this case, if I look at the effective four-fermion interaction at lowest order,
only the interactions with electrons are relevant. This is because the weak interaction
couples flavour eigenstates of the neutrinos with other fields; v, couples to electrons via
both charged and neutral currents, while v, couples to electrons only via the neutral
current. The modification of the mixing angle due to weak interactions in normal
matter is straightforward to calculate [82], as I will show in outline below. The effective

Lagrangian due to the charged current interaction can be written as

Ly = _jg (1/3@7’(1 — 75)%) (Tevi(1=7")ve) , (5.26)
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where a Fierz identity has been used (see Appendix F). The (elastic) forward scattering
amplitude provides the contribution to the Hamiltonian, v/2G¢ (Pey" (1 = ) e ) (Ter 1
VeL) =~ ﬁGpn@ngveL . Normal matter does not contain muons, so v, does not have a
charged current interaction.

Both flavours of neutrinos have the same neutral current interactions, so that the

contribution appears as a common term to the Hamiltonian,

Voe = V2Gr Y g [1;1 —2sin? 0 Q' | , (527)
f=epn

where Ig ; is the third component of weak isospin for the left-handed component of the
fermion f and Qy is its charge. For electrically neutral normal matter, the electron and
proton contributions cancel each other and I am left with only the neutron contribution,
equal to —V/2Ggn, /2 for both types of neutrinos. The Hamiltonian, diagonal in the

space of mass eigenstates, can thus be written in flavour space as

2 [ —cos® sind 2Gen. 0
H = g4 20 | 708t snoy V2Grne . (5.28)

4E sinf cos@ 0 0

Here I have written H, for the common terms in the Hamiltonian, and Am? = p2 ‘Aﬁz
—AZ,| . The effective mixing angle 0, including the effects of both the geometric and

weak contributions, for constant densities is thus given by

Am? sin 26
Am2 cos20 — 2v/2Ggn,E

tan 20 = (5.29)

This formula is for ultrarelativistic neutrinos, and thus valid only in regions where mat-
ter density is not too high. For regions with low matter density and n, ~ n, > n, and
ne, — 0, I find that the right hand side is proportional to 1./ E . For three generations of
leptons I can make similar substitutions into the standard formula for neutrino oscilla-
tions. For neutrinos passing through regions where the matter density is not constant
(MSW effect [74, 85, 86]), nonlinearity introduces additional complications particularly
for very large matter densities, since effective masses of neutrinos and thus Am?, can
vary greatly in such situations. I will not attempt to do that calculation here.

If I am interested only in calculating neutrino oscillations, I could take a pragmatic
approach and start with Eq. (5.21) as the defining interaction term. This term is very

similar to what is called non-standard neutrino interactions (NSI) [87—90], in this case
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flavour-changing in the neutrino sector. However, the geometrical origin of this inter-
action means that all fermions are in quartic interaction with one another, including
themselves. At low energies and for matter at normal densities, the only effect of this
is expected to be on neutrino dynamics as I have discussed in this chapter, but at high
energies as well as for high densities of matter, for example in stellar collapse or in
the early universe, I can expect this interaction to play an important role. It is also
not meaningful to talk about the quartic interactions in the absence of gravity. This is
related to the fact that the quartic term appears to make the model nonrenormalizable
by power counting. Because of their origin from curved spacetime, the quartic cou-
plings contain in them a factor of \/x and thus must vanish in the flat space limit. So
the counterterms in curved spacetime will have to involve curvature, thus the question
of renormalizability cannot be addressed without a theory of quantum gravity, as has
been noted elsewhere [91].

The second point is about the size of the quartic term. Is the contribution of this
term to neutrino oscillations negligibly small? I think that this question cannot be an-
swered purely theoretically. Unlike in the case of weak interactions, where the energy
required to create W-boson pairs from the vacuum sets the scale of the four-fermion
interaction (and the oscillation formula can be calculated directly from quantum field
theory [92]), here the scale is not related to the quantum dynamics of the contorsion A,
which does not in fact have any dynamics. Therefore the coupling constants A are free
and can be set only by comparison with experimental data, not from any theoretical
argument. By comparing with the NSI couplings, I can expect that the A are one or two
orders of magnitude smaller than the effective quartic couplings coming from weak
interactions, i. e., than the Fermi constant. If the neutrinos are massless in vacuum, the
flavour-changing interaction becomes crucial for oscillations inside matter, even if it is
small.

It should be noted that the use of torsion for oscillation of massless neutrinos has
been proposed earlier in [93]. A coupling of neutrinos to torsion analogous to the last
term in Eq. (5.17) was proposed, with different couplings for different species of neu-
trinos. In this case the torsion is proportional to the spin density of the background,
which for normal matter - i. e. if spins are not aligned — averages to zero over macro-
scopic volumes, so the effect on oscillations is very small. By breaking chiral symmetry
in the coupling of fermions to torsion, and by using the fact that all fermions couple
to torsion, I expect to find a much larger effect. There have been proposals of nonuni-

versal gravitational couplings of neutrinos leading to oscillations [94, 95], with the



5.2 WEAK INTERACTIONS

nonuniversality of couplings being subject to experimental constraints. In this case the
equivalence principle is violated at the quantum level. In our proposal, nonuniversality
of fermion couplings is restricted to their couplings with torsion, while their coupling

with background gravity is universal — all particles continue to fall at the same rate.
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PERTURBATIONS IN VIERBEIN-EINSTEIN-PALATINI
FORMALISM

General relativity is a nonlinear theory. A linearised approximation to the theory can
be obtained by considering the weak field limit of gravitational field. The spacetime
metric can be considered as a flat background metric (Minkowski) plus a perturba-
tion [17]. Einstein’s equation turns out to be a linear second order equation in the
perturbation. In this chapter’ I will consider the weak field limit of the vierbein-
Einstein-palatini variables. The idea of perturbing the vierbein is not a new one (a
representative list is [96—-104]), but our work differs from earlier work in an important
manner. In all papers dealing with vierbein perturbations that I have been able to find,
the perturbations were considered around a flat background spacetime. In such cases,

the background spacetime and the internal Lorentz space are identical, and as a result

I:
m

background connection is then trivially flat and torsion-free, which means no attention

the background tetrad can be written as a Kronecker delta, e (5{1. Furthermore, the
is paid to the independent nature of the spin connection. In this chapter I will assume
a general curved background and an independent spin connection, so tetrad fields are
not constant, while the absence of torsion is implemented by the equations of motion
for the spin connection only in the absence of fermionic matter. When fermions are
coupled to the spin connection, torsion remains as a part of the spin connection, and
the latter cannot be completely eliminated from the perturbation equations. Gravity
with torsion has seen interests in many places [101, 105-108]. I am interested in pertur-
bation of tetrads and spin connection in particular, as torsion can be written in terms

of these variables.

The work reported here is based on the paper "Weak field limit in vierbein-Einstein-Palatini formalism
and Fierz-Pauli Equation", Subhasish Chakrabarty and Amitabha Lahiri, arXiv:1507.03884 [gr-qc].
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PERTURBATIONS IN VIERBEIN-EINSTEIN-PALATINI FORMALISM

I will briefly recapitulate the formalism of metric perturbation theory. In this, the
spacetime metric is written as a background metric plus a perturbation. Often we are

interested in a flat background, in which case

Suv = Ny + Iy, (6.1)
with

|h| <1 (6.2)

for each component. It should be noted that ,, is often defined with a factor of
G or x so that its smallness as given by the above equation becomes apparent. The

inverse is given by
gt =" —h', (6-3)

where all indices are raised and lowered with 7 .

The linearised Riemann and Ricci tensors, and the Ricci scalar, are thus

Ryvpr = 9p9vhye + 959yhyp — 950uhyp — dpdyltvg, (6.4)
1

Ryv - E [agayhgy + ag'ayhav - a],{a]/h - Dh}ﬂ/] 7 (6.5)

R = 3,0,k — O, (6.6)

where F is the trace of the perturbation, i = 17", . The linearised Einstein’s equation

in vacuum follows from these,
1
5 [agavh”y + 050,,h%, — 0,0yl — Ohyy — 17,,0,00h° + 17,y 0h] = Ty, (6.7)

which is the linearised form of G, = xT),,. The linearised version written above is for a
special situation where the background is taken to be flat. I will consider perturbations
around a general curved background. I will denote the background metric by g, so

that the total metric is written as g,y = guv + hyy. Then the Christoffel symbols are

~ = 1
[ =T = 5B [8u8h +9u8un — 018w] + Egm [0uhay + Ovhyy — Ophy | + O(H?),
(6.8)
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where now the indices are lowered and raised by &, and its inverse g"", respectively,

and quantities pertaining to the background are denoted by a bar.

By calculating the Einstein tensor using these Christoffel symbols, I can write the

Einstein’s equation for an arbitrary background,

R — % (88" + g™ — guh®®) Rug + R}, — %g‘wg"‘ﬁRiﬁ = 87GT,,  (6.9)
where the Ricci tensor Ry, is derived from the background metric g, , and the quantity
R%W is the part of the Ricci tensor linear in /. This equation, however, contains the
background equation R,y — 3§ R = 87GT,,, which needs to be eliminated. It should
be noted that if the stress-energy tensor is calculated from a matter action by varying
the metric, Ty, and T, are not equal in general. Thus I can finally write the equation

for gravitational perturbations as
1/ ap 5B\ B 1 1_ safpl T

In this chapter, I will consider the weak field limit of the vierbein-Einstein-Palatini vari-
ables by perturbing them around arbitrary background. The perturbation of the tetrads
can be related to metric perturbation in General Relativity. For the spin conneciton, as
long as it is independent, the perturbation should be treated as an independent quan-
tity as well. Although the spin connection is expressible in terms of the tetrad in the
absence of matter, in particular fermionic matter, as Eq. (2.28) relies crucially on the
connection being torsion-free, which in this formalism follows from the matter action
being independent of the spin connection Af,] . But in general one should treat the
tetrads and spin connection as independent variables. Thus, perturbations of these
variables around some background solution of the equations of motion should be con-
sidered as independent objects. This is because perturbations are off-shell objects a
priori and need not satisfy the same equations as the background solutions.

For the present purpose I will consider the perturbation of the co-tetrad first and

write e} as a sum of the background and perturbation,
ef = +fi, (6.11)

where f}' is much smaller than &/ (more precisely, Tr(e‘il f1') < 1). I will denote back-

ground quantities by a bar on top. In order to calculate the perturbation of tetrads, I
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VI_(SV

use their definition e = e;; 11,, where the internal index is raised and lowered

with 7 as before. Thus I find
el =&l —leLfr. (6.12)

I will often denote —é{,e‘i fi as f]ﬁ The spacetime indices will be raised and lowered by

the total spacetime metric g, = e,ﬂ

as uy = e‘{,élv , I can identify the metric perturbation /1, in terms of the background

e;, when needed. By writing the background metric

tetrad é{l and the tetrad perturbation E as

hyy = ézyﬁ + e‘h,f;l . (6.13)

The background now is any general spacetime, not necessarily flat. I will also write the

spin connection as a sum of its value in the background spacetime and a perturbation,

AU AU + a (6.14)

However, since all components ALI of the background spin connection may vanish, it

is not sensible to treat a,lj as small perturbation. In particular, I will not neglect terms

quadratic in a;,] when calculating the action. Thus I calculate the affine connection up

to first order in the perturbation f as

%, =T, + &0, fl + flouel + Alel fi + alel £ + a)l et . (6.15)

Here T’ corresponds to the background spacetime,

I, = e, +Aweyel (6.16)

I will also write the curvature in terms of A and a,
Fi = Ed + Fil, (6.17)

where F is the background curvature and F, the extra part due to perturbation, can

be written in the form

Fi = Dyay) — Dyay + [ay, a7, (6.18)
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with D being the covariant derivative corresponding to the background spin connec-

tion A. The perturbed vierbein-Einstein-Palatini action is thus

1671G/|€|d4 P%é?ell/"i_z Iie_lllf] +FF% ny}/ +Sum. (6.19)

The determinant |e| = ]e‘{, + f;ﬂ is now a polynomial in f. The lowest order field

equations will be of first order in f. The variation of the determinant produces

Sle| = —lel (ex + fX)3fk (6.20)

using which I obtain field equations by varying the vierbein-Einstein-Palatini action of

Eq (619)/
(Fil+ Fa) @ + £5) = S @+ F) (Fih + Fal) @+ f) (@ + fF) = 8nGTyue’! . (6.21)

Of course, I could have obtained these directly from Eq. (2.38) (neglecting O(x?) terms)
by replacing ¢ — ¢+ f and A — A + a. However, it is useful to construct the action

for the perturbations, as I will later consider matter couplings.

Subtracting the vierbein-Einstein-Palatini equation for the background, I get the

equation of motion for the vierbein-Einstein-Palatini perturbations,
FiLft — S FSF [Tl + 22l fied] + Fil et + 1)
1
—E]-" B [e‘{,e“}geﬁ —i—fyeKeL +Zé{,fﬁé€] =8nG (Twe Twé"]) .

(6.22)

This is a generic equation in the sense that I have not considered any particular
background, or required that the background be flat, so this is the equation of pertur-

bations around a general background spacetime.
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CONCLUSION AND SUMMARY

I will conclude the thesis with chapter-wise summary of the calculations and results

of different chapters.

e Summary of chapter 2:

In chapter 2 I have introduced the tetrads and the spin connection which are
the basic variables in the vierbein-Einstein-Palatini formalism. I have shown how
torsion is non-zero at the level of action. I have written the Riemann tensor,
Ricci tensor and Ricci scalar in terms of the tetrads and the spin connection and
eventually defined the action. We have seen that in case of vacuum or minimally
coupled bosonic field, the vierbein-Einstein-Palatini formalism is equivalent to
General Relativity. I have also discussed the torsion-free tetrad formulation of
General Relativity.
e Summary of chapter 3:
In chapter 3 I have considered different matter fields in the vierbein-Einstein-
Palatini formalism. For scalar field and electromagnetic field, I have shown that
the torsion-free condition can be imposed a priori. I have considered fermionic
field in the tetrad formulation as well as the vierbein-Einstein-Palatini formalism.
We have seen that the Dirac equation and Einstein’s equation get contributions
due to the spin-torsion coupling. I have shown that torsion does not affect the
conservation of current of the fermionic field.
e Summary of chapter 4:

In chapter 4 I have discussed conformal transformations in terms of the tetrads
and the spin connection. I have shown that at the level of action, the transforma-
tion of the spin connection remains indeterminate and one can make different
choices of its transformation. I have considered two such choices and shown how

they affect the dynamics of different fields. For dynamically generated or on-shell
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torsion, I have shown that it breaks the conformal invariance of the matter field
equations. I have written a general conformal transformation of the off-shell spin
connection.

e Summary of chapter 5:
In chapter 5 we have seen how the four-fermion interaction resulting from spin-
torsion coupling leads to effective masses for neutrinos. I have shown that the
Standard Model cannot explain the mass generation for neutrinos although mass
is necessary to explain neutrino oscillations. I have written a chiral symmetry
breaking Lagrangian for fermions and shown how it can potentially give masses
to neutrinos. I have also briefly discussed neutrino oscillations due to weak in-
teractions.

e Summary of chapter 6:
In chapter 6 I have considered the perturbations of the tetrads and the spin
connections. Starting with the weak field limit in General Relativity where the
background is taken to be flat, I have gone to perturbations on non-flat back-
ground. I have written the most general equation of perturbations in terms of

the vierbein-Einstein-Palatini variables.

Overall, this thesis is based on a formalism of gravity that looks like other gauge
theories. This formalism not only allows one to consider fermions in curved spacetime,
but also gives new insights. One of the reasons why torsion is usually neglected is that
its effects are small compared to the other terms in field equations. But we have seen
that torsion can potentially lead the effective mass generation of neutrinos in regions of
fermion density. The contribution in the mass term comes from all fermions including
leptons and baryons, and it affects not only neutrinos but all the fermions. In normal
matter densities this effect can be negligible for heavier fermions, but in extreme ob-
jects it could lead to observable effects and thus open up interesting possibilities of

future works.
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TORSION, CURVATURE AND BIANCHI IDENTITIES

A.1 CONTORSION TENSOR

The covariant derivatives on a vector v and a covector w are defined respectively as

V;ﬂ)v p— ayvv + FVFAUA 7 (A.I)

V},,ZUV - awa - rAva/\ . (A.Z)

I will find the expression for the affine connection in terms of the Christoffel sym-

bols and contorsion tensor using metric compatibility i. e.,
A A
0= Vutgpw = aag;w -TI au8Av — r av&uA - (A.3)
Cyclic permutation in the indices a, u, v gives

aygvoc - FAVVg)LOC - r/\yagl//\ = 0/ (A'4)
an‘W - rAvagAH - r/\vyga)\ =0. (AS)

Now (A.4) + (A.5) — (A.3) gives

(rAyv + r/\vy)glx)\ + (rAva - r/\av)gﬂ/\ + (rwa - rAay>gV/\ = aﬂgva + avglw
- aucgyv
= (rAyv + FAvy)gaA + C/\Wg;m + C)‘ng = a],tgwx + avgtxy - azxgyv ’ (A6)

where C is the torsion tensor defined by Eq. (1.6). I will break the affine connection in

symmetric and antisymmetric parts in the last two indices,
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1 1
r“;w = E(ra;w + ravy) + Ecaw

= I%,+I%, =2I", —C%,. (A7)

It should be noted that the symmetric part is not only the Christoffel symbols
because although the torsion tensor is antisymmetric in the last two indices, I can
always construct a symmetric combination in the first two indices. Using the above I

replace the symmetric part in Eq. (A.6) and get
= 1
e, =T, - E(CW”‘ +Cy = C%)- (A.8)
Here f“w are the Christoffel symbols given by Eq. (1.3) and 3(C,," + C,," — C%,,) =

5%

Also, the contorsion tensor is antisymmetric in the first and the last indices.

is the contorsion tensor. Clearly the first two terms in 5%, are symmetric in pv.

A.2 RIEMANN CURVATURE TENSOR

In General Relativity the Riemann tensor is defined by

A~

(V’/Iﬁv - ?y?y)vp — ﬁpgwﬂla . (A.9)

I will find the expression of the above commutator for a general affine connection with

non-zero torsion. I will find this for vector, covector and tensor respectively.

(VuVy =V, V)0 = 0,V 0f — F‘TWVUUP + TPWVVUU —(u <)
= 0,0,0° 4 (9,I* ,)o* + T 9, 0" — T, Voof +T7,,0,07
+T0, T 0" — (n > v)

= Rpawv” — C‘TWVUUP , (A.10)

where

Reouy = 04l 5y — 0,17 gy + TP 0T — T 0T (A.11)

po*



A3 SYMMETRIES AND BIANCHI IDENTITIES
Proceeding in the same way as above for a covector w, I get
(VuVy = ViV we = —RPgw, — CP Vow, . (A.12)
For a general tensor T ,

/
0105 ...
T

N10). .. _ pa aj;... o
(ViVy = VVVV>T 12 Bip2.. R 10"114VT 1 BBz +R 20"21“/ P1Ba2.- T
_ pbi N0, _ phh Q...
R e = R T g
0
—C ﬂvaTalaz BiB2.
(A.13)
A.3 SYMMETRIES AND BIANCHI IDENTITIES
A.3.1  Skew symmetry
Riemann tensor is antisymmetric in the last pair of indices
Rpayv = _Rpavy ’ (A.14)

by definition. I will find out the same in the first pair of indices. For this purpose I will

use Eq. (A.13) for metric tensor. Using metric compatibility,

0= (VHVV - VVVy)ga,B = _szxyvgpﬂ - Rpﬁ;wg“P

:>R"‘,BVV = _Rﬁﬂé]w . (A.15)

So skew symmetry is same in General Relativity and torsion gravity.

A.3.2  First Bianchi identity

Using the expression for Riemann tensor from Eq. (A.11), I have
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o oo TP P e TP Ta
Roow) = Ol = 90Ty + Ty Tve) = Tiyje Vel
_ o o A
= OpCr T3 C oy
A
ey V[O-prv] + CPA[U_C ]/“/] . (A.16)

A.3.3 Pairwise symmetry

In General Relativity Riemann tensor is symmetric under the interchange of first and
last pair of indices. I will use skew symmetry and first Bianchi identity to derive the

difference between Ry and Ryp0. I have

Rpopw = Ruvor = Rooww = (V1yClujoe) + CurprCag) = Rupov = Ryaovp)
= Roowr = Ropov — Royvp = VyClyjpo] — CM[VCAPUJ
= Rooww = (VuClpjon) + CpA[uCAm/] — Rpovy = Rpvpo)
- (V[VC\UIVP] + CUA[;tcAvp] — Rovop = Ropyv)
= VivCiuloe] — CM[VC)\W]
= Rovop = (Rpvop + Rpopv) = Vi,Clojon + CpA[ﬂCAav]
= ViuCotupl = CoatuCy) = VisClutpel = CuavCpoy
= Ravpu = Rouov = ViyuClojug) = ConuC'yy
= V1uClyjor) = CrapyCoey (A.17)

Under p <+ p and ¢ < v in the above, I get

_(RPUHV - RVVPV) = Ryoup — Rypvo — V[pc\vw} - CM[PCAW]
A
= VieCloluv] = CoreC
= Rovop = Ropov = VpClyjoy) — CM[PCAW]

A
- V[Uc\p\wx] - Cp/\[gc u) * (A.18)

Subtracting Eq. (A.18) from Eq. A.17 produces



A3 SYMMETRIES AND BIANCHI IDENTITIES

1 A A
Rpopv = Ryvpo = 2 (V[pCIVIW] + CorpC o + VieClplun) + CorlerC g

A A
=~V Clofel = CoauC g = VirCluipol = Cuap© W]) . (Ao

A.3.4 Second Bianchi identity

Replacing w, by V w, in Eq. (A.12) and using Eq. (A.13), I get

Again, taking V, on Eq. (A.12) yields
VA(VuVy = ViV)we = —(VaRC o) wp — Ry Vaw, — (VACH 1) Vpw,
—CPWV;\pra. (A.21)

Now, antisymmetrising Eq. (A.20) and Eq. (A.21) in uvA, we see that left hand sides
of both the equations become equal. Thus I get

Rp[/\yv} va” + C‘D[WV“O‘VMWU - (V[ARPWWV])ZUP + (v[)\cpyv])vaU
+CPWVA] Vowy . (A.22)
Using Eq. (A.12), I can write
0 _ P o o
C [VVVMV/\]ZUU — C [‘Lﬂ/v)\}vaa - R[XOP[/\C Hv}wa - CDCP[/\C P[V}lewa . (A.23)

Using the above equation and first Bianchi identity in Eq. (A.22), I get

ViR 1 = R 0 Chy (A.24)






A DIFFERENT WAY TO LOOK AT THE CONFORMAL SCALAR

I can write the torsionful Ricci scalar as the torsion-free Ricci scalar plus the torsion

terms as
R=R-2v,C"" - C",C" 7+ ECWCW + EC’“’"CVW =R-f(C). (B.1)

In the scalar field Lagrangian in the action of Eq. (4.56), I will replace R in the ﬁgbz
term with R + f(C); f(C) being the explicit torsion terms above. The total action in

vierbein-Einstein-Palatini formalism, with this modification, now reads as

Sle, A, ¢] = [ lela'x fie’fe?( o ) / |e|d4[ e“awavmlqv%c%"

1
+35 (c”wcv o= iC"WCW — fc WCVW> ¢ } ) (B.2)

The equations obtained from this are

) 1 1, 1 1
dej 1 Ruy — ngR =K (ayq;avgb ~ 58w ﬁaacpaﬁcp + E(RW - ng,R)cp2

e [sm P9 - %WZD +xf(C),  (B3a)

SAY - A =wlle, (B.3b)
1 1 1
5p: YV, Vi — cRo— ¢< VuC" + ¢ ClurCl = 50" Cuuo
—112c%mcw> =0. (B30
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Here f(C) in Eq. (B.3a) includes terms that contain torsion explicitly which go away
upon using Eq. (B.3b) which is the torsion-free condition. R becomes R upon using the

torsion-free condition and thus the scalar Eq. (4.67c) becomes
~ A 1~
V. Vip — ER(P =0. (B.4)

The scalar field equation thus gets back the torsion-free form given by Eq. (4.5). The
modification in Eq. (B.1) leads to vanishing torsion on-shell. Thus I can identify the
equations with those in the usual metric formalism.

Although I have considered a formalism which is torsion-free on-shell, Eq. (B.3c) is
rather a more general equation; it will remain invariant even if torsion is non-zero
because in such a case the torsion terms will cancel those in the R¢ term and the

equation will essentially be reduced to Eq. (B.4).



A AS AUXILIARY FIELD

I can decompose the total spin connection A in terms the torsion-free component wU

and contorsion component A,I] as
I
Al =w! + A (C.1)
I can write the curvature as

Ed(A) = Fl(w) + 9,A) — 0, A) + 0l Ay — wle Ay + Algwoy” — Ay
FALAY — ALy
(C.2)

Let us see the contribution of the terms linear in A in the vierbein-Einstein-Palatini

action. I consider the integral

I:/]e|d4x(8HAU dy AU—I—(U AT — ! AK]—l—AI cwh! AIK(U” Jelfef .

(C3)

Considering the first, third and the sixth terms from above and denoting them as A

together,

A= ¢ejo, AI—i—eIe]wVKA ]—el "AIKaJ”

d (eley Iy — ye?aye}’ —AUey ue; +ele]wﬂKA5] e eyAIKwy]. (C.4)
I will call e’; eyAII,] = A*. Thus

A= 9N — AY ek ey — eja e; +ele]wyKAf,<I —ef AIKwV . (C.5)
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Considering the first, third and fourth term from Eq. (C.5), I have

Al= 9,A'— Alle ayel +e e]wyKAK]
= 0, A' — AK]eye%elayel +e) e]wIKeKeﬁA”
= A"+ A (ef0,ey + wikerel)
= 0uAF + AT,

= V,A". (C.6)
The remaining terms of A are

I
A2=—AJe 1o ney — ele]Avay

AI «L, K]

=— AIKeIeKeia e] yLexke" Wy,

= Alfet eKe?ayea + AILeI eLw]KeKe‘]’

= AR ek (efo, e} + w! 1KCa Key)

= AlXel eKFV

= %AIK(eI ex — eIeK)F”

= 0. (C7)

Here I have used the antisymmetry of A and the symmetry of T. Denoting the second,
fourth and fifth terms of the integral I as B and proceeding the same way as above, I
find that

B = V,A". (C.8)
Taking the above calculations into consideration, I get
I = / le|d*x 2 @MAV. (C.9)

Because this is a total divergence, the above integral can be taken to the boundary and
neglected compared to the other terms of the total vierbein-Einstein-Palatini action.

The effective action is thus
Sver = 5 /|€|d4 +A1KAK] ALeAy )e?e;. (C.10)

This appears in Eq. (5.17).



v-MATRICES

I am working in the (— + ++) signature and the properties of y-matrices are different
from those in the (+ — ——) signature. I will mention the effect of signature change at

the end of this Appendix. The basic anti-commutator is

{vv1} =201 (D.1)
Thus in the (— 4 ++) signature

7% =1, (D.2)
7 =1, (i=1,2,3). (D.3)

The Hermiticiy of the y-matrices is as follows

7= -7, (D.4)
=1, (D.5)

which can be written in a compact form as
7 =r07170- (D.6)
D.1 0-MATRIX

The o-matrix is defined as

1
oy = 5[7117]]- (D.7)
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The Hermitian conjugate of the oc-matrix can be calculated as

i
oy = =5l
bttt
=73 (’Y}’YI - ’YI’Y])
_ i 2 2
=3 (Yo Y67170 — YOV 1Y8 Y Y0)
i

=3 (—Y0Y7Y1Y0 + YoY1Y7Y0)

i
= —570[71,71]70

= —7Y001J70 -

(D.8)

One useful relation is the commutator of v and ¢. In order to find the expression

of the commutator note that

i
O1jYK = 5[7117]]%
=5 (vmw — YJVIVK)
1
=5 (2111 — Y1YKY] — 2M1KYT + VJYKYT)
i
5 (477]1<71 411Ky + YRYTY] — YKY]YI)

= 2i (kY1 — N1K7Y]) + VKO -

Thus I get

[vk, o17] = 2i(1kY — 1K YL) -
D.2 FIFTH 7Y-MATRIX

One more useful quantity is the fifth gamma matrix 5 defined as

cIIKL

Y5 = 70717273 = YIVJYKYL -

It is easy to see from the above definition that <5 has the properties

’Y;r=75,
7 =1.

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)



D.3 CHANGE OF SIGNATURE

Some identities involving s are

{v,751 =0, (D.14)
{vk, o1} = 2exLr™ s, (D.15)
[0'1], 75] =0. (D16)

D.3 CHANGE OF SIGNATURE

Under the change of signature from (— + ++) to (+ — ——) which is the more com-
mon signature used in Quantum Field Theory textbooks, I need to multiply the -
matrices with —i, i.e., 9y — —i7s. In the signature (+ — ——) properties of the -

matrices are given by

7% =1, (D.17)
v? = I, (D.18)
7% =0, (D.19)
'ﬁ = —9;. (D.20)

The Hermiticity of the -matrices is still given in the compact form of Eq. (D.6). ¥5
and its properties are invariant under the signature change. The o-matrix is defined
in the same as in Eq. (D.7). Let us see how this affects the Hermitian conjugate of the
o-matrix.

+ i
o= —=71
1] > [vr, vy

—é (7}7? — WM)

]+

1

) (707]737170 - 7071757]70)
1

=5 (YoY7Y170 — YY1V Y0)

i
= 3700 7]70

= Y001J70 - (D.21)
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The commutator [yk, 07j] however, remains unaffected under the change of signa-
ture. This because the calculations shown in Eq. (D.9) are independent of the signature

of the metric.



CHIRAL SYMMETRY BREAKING AND CURRENT
CONSERVATION

Let us see how geometrical breaking of chiral symmetry affects the current conserva-

tion of electron and neutrino. I will consider the left handed electron-neutrino doublet

v
Yo = | with torsion coupling constant A.; and right handed electron singlet
er
er with coupling constant A.r. Different coupling constants for right handed and left

handed components imply that chiral symmetry is broken here. The spinor covariant

derivatives are given as

i i
Dytper = 9ytper, — ;Lwi]fmll]eL - EAeLAL]UIﬂL’eL/ (E.1)
i i
DyeR = ayeR — 160{]0’[]61{ — 1/\6,1{/\11]0'[]612 . (EZ)

The action of Eq. (5.18) is thus given by

S = / le|d*x [%fﬂ,(w)e;;e} +1 (lﬁeL'yKeﬁ ﬁ{;lpd — (PervKel D\{;lpeL)*

IKALI Moy

+eryRel 5{;(213 — (erRel ﬁ;:eR)‘L) + %WKLA[F Jeres

+%A;I]e§ (Aerter{7", o1} per + Aerer{7", O'U}ER)} :
(E.3)

I have not considered mass terms here as they do not affect the calculations here.

The on-shell expression for A is obtained as

K _
Nl = el (1/JeL{'YK, o e, + er{yx, oV }eR) . (E.4)
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The Dirac equations of the doublet and singlet with the above expression of A are

obtained respectively as

i 3ik -
vRekdutper — Ew;ljeyK')’KU'I]lPeL - ?AngpeL'YIVStPeL')’I'YSEUeL
3ik
_?AeL/\eRER')’I')’SeR')’I'YSIPEL =0, (E.5)
Kol _i IJ ,uK _%Az- I
Y ex9ueRr 4wy€ YKOIJER 3 eRERYIY5ERTY Y5€ER
3ik _

_?/\eLAeMPeL'YI’)’SweL'YI'YSeR =0. (E.6)

I will first find the equation of motion for electron e = ¢, 4 eg. For this purpose I

add electron component of Eq. (E.5) and Eq. (E.6).

i 3ix -
rRelaue — wa/eyK’YK(TUe - §A3L¢eL7175¢eL’YI’YS()\eL€L + Aerer)
3iK
_?)\eRe_R'YI'YSeR'YI'YS()\eLeL + Aerer) = 0. (E.7)

The conjugate equation is obtained as

_ i _ 3ik _ _ _
duerSel + wa/e”KE(TU”YK + ?/\eLﬂl’eL'YI')%l/JeL()\eLeL + Aer@R)Y Y5

3ik
+?AeRe_R'YI'YSeR(AeLe_L + AerR)Y Y5 = 0. (E.8)

Here I have used

(Pervrvsyer)” = Yerviviviver
= — P YsYOYIV0 V0L
= —PeLY5V 1L
= PeLV1Y5WeL - (E.9)

Pre-multiplying Eq. (E.7) by ¢ and post-multiplying Eq. (E.8) by e and proceeding
in the same way as in Eq. (3.38), I get

~ 3ix - _
Vit + e (AeRWPeLYIV5WeL + AeRERYIYV5ER) [(/\eLéL + AerER)Y s (e + er)

—(er +er) Y vs(Aerer + )\eReR)} =0,
(E.10)



CHIRAL SYMMETRY BREAKING AND CURRENT CONSERVATION
where J!' = &9/ ee}; is the electron current. Now,

(Aerr + Aer@r )Y ys(er +er) — (er + er) Y v5(Aerer + Acrer)

= (Aer — Aer) <5L’YI’Y5€R — e_R'YI'YSeL) . (E.11)
Using
1
er = 5(1-s)e, (E.12)
1
eR = 5(1 + 7s)e, (E.13)
I get

17
ey yser = i ¥5)er ys(1+ vs)e

1
= 2 (1= 75))" 107 75(1 + 75)e

1
= 1€+(1 — 75)70’71’75(1 +s)e

1 1
= 287 1s(1+ 15)e + Jersy ys(1+ 75)e
1 1
= 227 1s(1+75)e = 287 95(1+ 75)e
=0. (E.14)
Here I have used the properties of gamma matrices. Similarly I can show that

ery'yser = 0. (E.15)

Thus the contribution of torsion terms still vanishes in spite of the coupling constants

and equation is simply given by
Vit =0. (E.16)

I will also investigate the current conservation of neutrino. For this purpose I con-

sider the neutrino component of Eq. (E.5) i.e.,

i 3iK -
’YKeﬁayVL - Ewije"K’YKUUVL - ?/\ZLQbeL’YI'YSlPeL'YI')’SVL
3iK
_?AeLAeRe_R')’I')’SeR')’I')’SVL =0. (E.17)
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The conjugate equation is obtained as

_ i _ 3ix _ ~
ayVLWKeﬁ + wa]e”KVLUIWK + ?)\gﬁl’eml%%wwl%
3ik
g AL AerZRYIV5€RTLY 75 = 0. (E.18)

Pre-multiplying Eq. (E.17) with 71, and post-multiplying Eq. (E.18) with vy and
adding them together we can see that the non-linear terms get cancelled. The resulting

equation is thus
Vil =0, (E.19)

where ]ffL = 79! vLe? is the neutrino current. I can thus conclude that geometrical
breaking of chiral symmetry does not affect the current conservation of electron e =

er + er, nor of the neutrinos.



FIERZ IDENTITIES

From a given spinor ¢, we have 16 different bilinears [20] namely

Scalar: S = Py,
Pseudoscalar: P = ipysip,
Vector: V| = iy,

Axial vector: Aj = ipysy1,
Tensor: Tj = oy

The independent identities of these bilinears are

I.T]]V] = —PAI/
2. TV = SA; (* Ty = _EGI]KLTKL)I

3.V = —AjA = — (82 4+ P?).

I have mainly used the last identity in the following form in my thesis.

(Privs) @y vs9) = (Prsy)? — (P)>.

(F.6)

(E7)

(E8)

(F9)

Usually Fierz identities written for more than one species of spinors and they are

connected to the reordering of the spinor fields in a four fermion interaction. Suppose

I have four spinors ¢, ¢, 3, P4 and I consider an interaction term given by

(P1Ap2) (P3BYa) .

(F.10)
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This interaction can also be written as
(P1Mps) (P3Nip2) . (F.11)

Fierz identities relate the matrices A, B to M, N. The matrices are usually written

in terms of the basis
(T4} = {Lys, 7, sy, e"} (1,7]=0,1,2,3). (E12)
There are thus 16 different bilinears which are classified into different classes ac-

cording to their behaviour under Lorentz transformation. For discussion and deriva-

tion of the identities see [22, 109].



BIBLIOGRAPHY

'F. W. Hehl, J. McCrea, E. W. Mielke, and Y. Ne’eman, “Metric-affine gauge theory of
gravity: field equations, noether identities, world spinors, and breaking of dilation
invariance,” Physics Reports 258, 1 —171 (1995) (cit. on p. 2).

?E. CARTAN, “Sur une generalisation de la notion de courbure de riemann et les
espaces a torsion,” Comptes Rendus, Ac. Sc. Paris 174, 593-595 (1922) (cit. on p. 2).
3T. W. B. Kibble, “Lorentz invariance and the gravitational field,” Journal of Mathe-
matical Physics 2, 212—221 (1961), eprint: http://dx.doi.org/10.1063/1.1703762

(cit. on pp. 2, 5).

4D. W. Sciama, “The Physical structure of general relativity,” Rev. Mod. Phys. 36,
[Erratum: Rev. Mod. Phys.36,1103(1964)], 463—469 (1964) (cit. on p. 2).

5F. W. Hehl and B. K. Datta, “Nonlinear spinor equation and asymmetric connection
in general relativity,” J. Math. Phys. 12, 1334-1339 (1971) (cit. on p. 2).

®L. Fabbri and P. D. Mannheim, “Continuity of the torsionless limit as a selection rule
for gravity theories with torsion,” Phys. Rev. D9o, 024042 (2014), arXiv:1405 . 1248
[gr-qc] (cit. on p. 2).

7L. Fabbri, “A discussion on the most general torsion-gravity with electrodynamics

for Dirac spinor matter fields,” Int. J]. Geom. Meth. Mod. Phys. 12, 1550099 (2015),
arXiv:1409.2007 [gr-qc] (cit. on p. 2).

8P. Peldan, “Actions for gravity, with generalizations: a title,” Classical and Quantum

Gravity 11, 1087 (1994) (cit. on p. 5).

9F. W. Hehl, J. McCrea, E. W. Mielke, and Y. Ne’eman, “Metric-affine gauge theory of
gravity: field equations, noether identities, world spinors, and breaking of dilation
invariance,” Physics Reports 258, 1 —171 (1995) (cit. on p. 5).

°V Fock, “Geometrization of the dirac theory of electrons,” Z. Phys 57, 261—277 (1929)
(cit. on pp. 5, 20).

M. D. Pollock, “On the Dirac equation in curved space-time,” Acta Phys. Polon. B41,
1827-1846 (2010) (cit. on pp. 5, 20).

95


http://dx.doi.org/https://doi.org/10.1016/0370-1573(94)00111-F
https://ci.nii.ac.jp/naid/10011666098/en/
http://dx.doi.org/http://dx.doi.org/10.1063/1.1703702
http://dx.doi.org/http://dx.doi.org/10.1063/1.1703702
http://dx.doi.org/10.1063/1.1703702
http://dx.doi.org/10.1103/RevModPhys.36.1103
http://dx.doi.org/10.1103/RevModPhys.36.1103
http://dx.doi.org/http://dx.doi.org/10.1063/1.1665738
http://dx.doi.org/10.1103/PhysRevD.90.024042
http://arxiv.org/abs/1405.1248
http://arxiv.org/abs/1405.1248
http://dx.doi.org/10.1142/S0219887815500991
http://arxiv.org/abs/1409.2007
http://stacks.iop.org/0264-9381/11/i=5/a=003
http://stacks.iop.org/0264-9381/11/i=5/a=003
http://dx.doi.org/http://dx.doi.org/10.1016/0370-1573(94)00111-F

96

Bibliography

?F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, “General relativity
with spin and torsion: foundations and prospects,” Rev. Mod. Phys. 48, 393—416
(1976) (cit. on pp. 5, 14, 20, 23, 28).

3L. Freidel, K. Krasnov, and R. Puzio, “BF description of higher dimensional grav-
ity theories,” Adv. Theor. Math. Phys. 3, 1289-1324 (1999), arXiv:hep - th/9901069
[hep-th] (cit. on p. 5).

"R Capovilla, M Montesinos, V. A. Prieto, and E Rojas, “Bf gravity and the immirzi

parameter,” Classical and Quantum Gravity 18, L49 (2001) (cit. on p. 5).

M. Montesinos and M. Velazquez, “BF gravity with Immirzi parameter and matter

fields,” Phys. Rev. D85, 064011 (2012), arXiv:1112.5929 [gr-qc] (cit. on p. 5).

M. Celada, D. Gonzélez, and M. Montesinos, “BF gravity,” Class. Quant. Grav. 33,
213001 (2016), arXiv:1610.02020 [gr-qc] (cit. on p. 5).

7S. Carroll, Spacetime and geometry: an introduction to general relativity (Addison Wesley,
2004) (cit. on pp. 9, 65).

M. Bojowald and R. Das, “Canonical gravity with fermions,” Phys. Rev. D78, 064009
(2008), arXiv:0710.5722 [gr-qc] (cit. on p. 20).

F. W. Hehl, G. D. Kerlick, and P. Von Der Heyde, “General relativity with spin and
torsion and its deviations from einstein’s theory,” Phys. Rev. D10, 1066-1069 (1974)
(cit. on pp. 23, 57).

2°Y. Takahashi, “Reconstruction of Spinor From Fierz Identities,” Phys. Rev. D26, 2169
(1982) (cit. on pp. 24, 93).

2P, B. Pal, “Representation-independent manipulations with Dirac spinors,” (2007),
arXiv:physics/0703214 [physics.ed-ph] (cit. on p. 24).

2?]. F. Nieves and P. B. Pal, “Generalized Fierz identities,” Am. J. Phys. 72, 1100-1108
(2004), arXiv:hep-ph/0306087 [hep-ph] (cit. on pp. 24, 94).

23H. T. Nieh and M. L. Yan, “Quantized Dirac Field in Curved Riemann-cartan Back-
ground. 1. Symmetry Properties, Green’s Function,” Annals Phys. 138, 237 (1982)
(cit. on pp. 27, 34, 35, 39)-

24H. T. Nieh and C. N. Yang, “A torsional topological invariant,” Int. J. Mod. Phys.
A22, 5237-5244 (2007) (cit. on p. 28).

*5H. Weyl, “A New Extension of Relativity Theory,” Annalen Phys. 59, [Annalen
Phys.364,101(1919)], 101-133 (1919) (cit. on p. 28).


http://dx.doi.org/10.1103/RevModPhys.48.393
http://dx.doi.org/10.1103/RevModPhys.48.393
http://arxiv.org/abs/hep-th/9901069
http://arxiv.org/abs/hep-th/9901069
http://stacks.iop.org/0264-9381/18/i=5/a=101
http://dx.doi.org/10.1103/PhysRevD.85.064011
http://arxiv.org/abs/1112.5929
http://dx.doi.org/10.1088/0264-9381/33/21/213001
http://dx.doi.org/10.1088/0264-9381/33/21/213001
http://arxiv.org/abs/1610.02020
http://dx.doi.org/10.1103/PhysRevD.78.064009
http://dx.doi.org/10.1103/PhysRevD.78.064009
http://arxiv.org/abs/0710.5722
http://dx.doi.org/10.1103/PhysRevD.10.1066
http://dx.doi.org/10.1103/PhysRevD.26.2169
http://dx.doi.org/10.1103/PhysRevD.26.2169
http://arxiv.org/abs/physics/0703214
http://dx.doi.org/10.1119/1.1757445
http://dx.doi.org/10.1119/1.1757445
http://arxiv.org/abs/hep-ph/0306087
http://dx.doi.org/10.1016/0003-4916(82)90186-5
http://dx.doi.org/10.1142/S0217751X07038414
http://dx.doi.org/10.1142/S0217751X07038414
http://dx.doi.org/10.1002/andp.19193641002
http://dx.doi.org/10.1002/andp.19193641002

Bibliography

26V, Faraoni, E. Gunzig, and P. Nardone, “Conformal transformations in classical grav-
itational theories and in cosmology,” Fund. Cosmic Phys. 20, 121 (1999), arXiv:gr -

qc/9811047 [gr-qc] (cit. on p. 28).
*7R. Wald, General relativity (University of Chicago Press, 1984) (cit. on p. 28).

8H. Friedrich, “One-parameter families of conformally related asymptotically flat,

static vacuum data,” Classical and Quantum Gravity 25, 135012 (2008) (cit. on p. 28).

*9H. Friedrich, “Conformal classes of asymptotically flat, static vacuum data,” Classi-

cal and Quantum Gravity 25, 065012 (2008) (cit. on p. 28).

3°D. Garfinkle, “Asymptotically flat space-times have no conformal killing fields,”
Journal of Mathematical Physics 28, 28-32 (1987), eprint: http://dx.doi.org/10.
1063/1.527805 (cit. on p. 28).

3TH. Friedrich, “Conformal structures of static vacuum data,” Communications in

Mathematical Physics 321, 419—482 (2013) (cit. on p. 28).

32S. Sonego and M. Massar, “On the notions of gravitational and centrifugal force in
static spherically symmetric space-times,” Monthly Notices of the Royal Astronom-

ical Society 281, 659665 (1996) (cit. on p. 28).

33T. W. Noonan, “Huygens’ principle in conformally flat spacetimes,” Classical and

Quantum Gravity 12, 1087 (1995) (cit. on p. 28).

34T.-T. Paetz, “Conformally covariant systems of wave equations and their equivalence
to einstein’s field equations,” Annales Henri Poincaré 16, 2059—2129 (2015) (cit. on
p- 28).

35S. Behroozi, S. Rouhani, M. V. Takook, and M. R. Tanhayi, “Conformally invariant
wave equations and massless fields in de sitter spacetime,” Phys. Rev. D 74, 124014

(2006) (cit. on p. 28).

3%A. J. Bracken and B. Jessup, “Local conformal-invariance of the wave equation for
finite-component fields. i. the conditions for invariance, and fully-reducible fields,”
Journal of Mathematical Physics 23, 1925-1946 (1982), eprint: http://dx.doi.org/
10.1063/1.525222 (cit. on p. 28).

37A. Barut and B. wei Xu, “Conformal covariance and the probability interpretation

of wave equations,” Physics Letters A 82, 218 —220 (1981) (cit. on p. 28).

38F. Giirsey, “On a conform-invariant spinor wave equation,” Il Nuovo Cimento (1955-

1965) 3, 988-1006 (1956) (cit. on p. 28).

97


http://arxiv.org/abs/gr-qc/9811047
http://arxiv.org/abs/gr-qc/9811047
http://stacks.iop.org/0264-9381/25/i=13/a=135012
http://stacks.iop.org/0264-9381/25/i=6/a=065012
http://stacks.iop.org/0264-9381/25/i=6/a=065012
http://dx.doi.org/10.1063/1.527805
http://dx.doi.org/10.1063/1.527805
http://dx.doi.org/10.1063/1.527805
http://dx.doi.org/10.1007/s00220-013-1694-1
http://dx.doi.org/10.1007/s00220-013-1694-1
http://stacks.iop.org/0264-9381/12/i=4/a=015
http://stacks.iop.org/0264-9381/12/i=4/a=015
http://dx.doi.org/10.1007/s00023-014-0359-8
http://dx.doi.org/10.1103/PhysRevD.74.124014
http://dx.doi.org/10.1103/PhysRevD.74.124014
http://dx.doi.org/10.1063/1.525222
http://dx.doi.org/10.1063/1.525222
http://dx.doi.org/10.1063/1.525222
http://dx.doi.org/http://dx.doi.org/10.1016/0375-9601(81)90188-2
http://dx.doi.org/10.1007/BF02823498
http://dx.doi.org/10.1007/BF02823498

98

Bibliography

39P. A. M. Dirac, “Wave equations in conformal space,” Annals of Mathematics 37,
429—442 (1936) (cit. on p. 28).

49V Perlick, “On fermat’s principle in general relativity. ii. the conformally stationary
case,” Classical and Quantum Gravity 7, 1849 (1990) (cit. on p. 28).

4IN. Van Den Bergh, “General solutions for a static isotropic metric in the brans-dicke
gravitational theory,” General Relativity and Gravitation 12, 863-869 (1980) (cit. on
p- 28).

4#N. V. den Bergh, “Conformally ricci-flat perfect fluids,” Journal of Mathematical
Physics 27, 1076-1081 (1986), eprint: http://dx.doi.org/160.1063/1.527151 (cit. on
p. 28).

$N. Van den Bergh, “Shearfree and conformally ricci-flat perfect fluids,” Letters in
Mathematical Physics 11, 141-146 (1986) (cit. on p. 28).

#M. Tsamparlis, A. Paliathanasis, and L. Karpathopoulos, “Exact solutions of bianchi
i spacetimes which admit conformal killing vectors,” General Relativity and Gravi-
tation 47, 15 (2015) (cit. on p. 28).

45]. L. Said, J. Sultana, and K. Z. Adami, “Exact static cylindrical solution to conformal
weyl gravity,” Phys. Rev. D 85, 104054 (2012) (cit. on p. 28).

46Y. Verbin and Y. Brihaye, “Exact string-like solutions in conformal gravity,” General
Relativity and Gravitation 43, 2847-2863 (2011) (cit. on p. 28).

47]. D. Bekenstein, “Exact solutions of Einstein conformal scalar equations,” Annals
Phys. 82, 535-547 (1974) (cit. on p. 28).

#N. D. Birrell and P. C. W. Davies, Quantum fields in curved space, Cambridge Mono-
graphs on Mathematical Physics (Cambridge University Press, 1982) (cit. on p. 28).

49B. S. DeWitt, “Quantum field theory in curved spacetime,” Physics Reports 19, 295
—357 (1975) (cit. on p. 28).

°R. M. Wald, “Trace anomaly of a conformally invariant quantum field in curved
spacetime,” Phys. Rev. D 17, 1477-1484 (1978) (cit. on p. 28).

5'L. H. Ford, “Quantum field theory in curved space-time,” in Particles and fields.
Proceedings, gth Jorge Andre Swieca Summer School, Campos do Jordao, Brazil,
February 16-28, 1997 (1997), pp. 345388, arXiv:gr - qc /9707062 [gr-qc] (cit. on
p- 28).

52P. D. Mannheim and D. Kazanas, “Exact Vacuum Solution to Conformal Weyl Grav-

ity and Galactic Rotation Curves,” Astrophys. J. 342, 635-638 (1989) (cit. on p. 28).


http://dx.doi.org/10.2307/1968455
http://dx.doi.org/10.2307/1968455
http://stacks.iop.org/0264-9381/7/i=10/a=016
http://dx.doi.org/10.1007/BF00763061
http://dx.doi.org/10.1063/1.527151
http://dx.doi.org/10.1063/1.527151
http://dx.doi.org/10.1063/1.527151
http://dx.doi.org/10.1007/BF00398425
http://dx.doi.org/10.1007/BF00398425
http://dx.doi.org/10.1007/s10714-015-1856-x
http://dx.doi.org/10.1007/s10714-015-1856-x
http://dx.doi.org/10.1103/PhysRevD.85.104054
http://dx.doi.org/10.1007/s10714-011-1209-3
http://dx.doi.org/10.1007/s10714-011-1209-3
http://dx.doi.org/10.1016/0003-4916(74)90124-9
http://dx.doi.org/10.1016/0003-4916(74)90124-9
http://dx.doi.org/http://dx.doi.org/10.1016/0370-1573(75)90051-4
http://dx.doi.org/http://dx.doi.org/10.1016/0370-1573(75)90051-4
http://dx.doi.org/10.1103/PhysRevD.17.1477
http://alice.cern.ch/format/showfull?sysnb=0254646
http://alice.cern.ch/format/showfull?sysnb=0254646
http://alice.cern.ch/format/showfull?sysnb=0254646
http://arxiv.org/abs/gr-qc/9707062
http://dx.doi.org/10.1086/167623

Bibliography

53P. D. Mannheim, “Conformal Cosmology With No Cosmological Constant,” Gen.
Rel. Grav. 22, 289-298 (1990) (cit. on p. 28).

54G. K. Karananas and A. Monin, “Weyl vs. Conformal,” Phys. Lett. B757, 257—260
(2016), arXiv:1510.08042 [hep-th] (cit. on p. 28).

55]. W. Maluf, “Conformal Invariance and Torsion in General Relativity,” Gen. Rel.

Grav. 19, 57 (1987) (cit. on p. 31).

99

56L. Fabbri, “Conformal Standard Model,” Gen. Rel. Grav. 44, 3127-3138 (2012), arXiv:1107.

0466 [gr-qc] (cit. on p. 43).

57T. Dereli and R. W. Tucker, “WEYL SCALINGS AND SPINOR MATTER INTERAC-
TIONS IN SCALAR - TENSOR THEORIES OF GRAVITATION,” Phys. Lett. 110B,
206—210 (1982) (cit. on p. 46).

58L. Fabbri, “Conformal Gravity with Dirac Matter,” Annales Fond. Broglie 38, 155-
165 (2013), arXiv:1101.2334 [gr-qc] (cit. on p. 46).

59L. Fabbri, “Metric-Torsional Conformal Gravity,” Phys. Lett. B7o7, 415-417 (2012),
arXiv:1101.1761 [gr-qc] (cit. on p. 48).

601, Fabbri, “Conformal Gravity with Electrodynamics for Fermion Fields and their
Symmetry Breaking Mechanism,” Int. J. Geom. Meth. Mod. Phys. 11, 1450019 (2014),
arXiv:1205.5386 [gr-qc] (cit. on p. 49).

61Y. Nambu and G. Jona-Lasinio, “Dynamical Model of Elementary Particles Based on
an Analogy with Superconductivity. I.,” Phys. Rev. 122, [,127(1961)], 345-358 (1961)
(cit. on p. 51).

62y, Nambu and G. Jona-Lasinio, “Dynamical Model of Elementary Particles Based on
an Analogy with Superconductivity. II,” Phys. Rev. 124, [,141(1961)], 246254 (1961)
(cit. on p. 51).

63L.. Fabbri, “A Torsional Model of Leptons,” Mod. Phys. Lett. A27, 1250199 (2012),
arXiv:1208.4495 [hep-ph] (cit. on p. 51).

645, Weinberg, “Implications of Dynamical Symmetry Breaking,” Phys. Rev. D13, [Ad-
dendum: Phys. Rev.D19,1277(1979)], 974—996 (1976) (cit. on p. 51).

7

5N. J. Poplawski, “Nonsingular, big-bounce cosmology from spinor-torsion coupling,”

Phys. Rev. D85, 107502 (2012), arXiv:1111.4595 [gr-qc] (cit. on pp. 51, 57).

66g, Vignolo, S. Carloni, and L. Fabbri, “Torsion gravity with nonminimally cou-
pled fermionic field: Some cosmological models,” Phys. Rev. D91, 043528 (2015),

arXiv:1412.4674 [gr-qc] (cit. on p. 51).


http://dx.doi.org/10.1007/BF00756278
http://dx.doi.org/10.1007/BF00756278
http://dx.doi.org/10.1016/j.physletb.2016.04.001
http://dx.doi.org/10.1016/j.physletb.2016.04.001
http://arxiv.org/abs/1510.08042
http://dx.doi.org/10.1007/BF01119811
http://dx.doi.org/10.1007/BF01119811
http://dx.doi.org/10.1007/s10714-012-1440-6
http://arxiv.org/abs/1107.0466
http://arxiv.org/abs/1107.0466
http://dx.doi.org/10.1016/0370-2693(82)91237-0
http://dx.doi.org/10.1016/0370-2693(82)91237-0
http://arxiv.org/abs/1101.2334
http://dx.doi.org/10.1016/j.physletb.2012.01.008
http://arxiv.org/abs/1101.1761
http://dx.doi.org/10.1142/S0219887814500194
http://arxiv.org/abs/1205.5386
http://dx.doi.org/10.1103/PhysRev.122.345
http://dx.doi.org/10.1103/PhysRev.124.246
http://dx.doi.org/10.1142/S0217732312501994
http://arxiv.org/abs/1208.4495
http://dx.doi.org/10.1103/PhysRevD.19.1277, 10.1103/PhysRevD.13.974
http://dx.doi.org/10.1103/PhysRevD.19.1277, 10.1103/PhysRevD.13.974
http://dx.doi.org/10.1103/PhysRevD.85.107502
http://arxiv.org/abs/1111.4595
http://dx.doi.org/10.1103/PhysRevD.91.043528
http://arxiv.org/abs/1412.4674

100

Bibliography

67R. Myrzakulov, “Accelerating universe from F(T) gravity,” Eur. Phys. J. C71, 1752
(2011), arXiv:1006.1120 [gr-qc] (cit. on p. 51).

68V. Nikiforova, “The stability of self-accelerating Universe in modified gravity with
dynamical torsion,” Int. ]. Mod. Phys. A32, 1750137 (2017), arXiv:1705.00856 [hep-th]
(cit. on p. 51).

69N. J. Poplawski, “Four-fermion interaction from torsion as dark energy,” Gen. Rel.
Grav. 44, 491-499 (2012), arXiv:1102.5667 [gr-qc] (cit. on p. 51).

7°S. Akhshabi, E. Qorani, and F. Khajenabi, “Inflation by spin and torsion in the
Poincaré gauge theory of gravity,” EPL 119, 29002 (2017), arXiv:1705.04931 [gr-qc]
(cit. on p. 51).

7'B. Pontecorvo, “Neutrino Experiments and the Problem of Conservation of Leptonic
Charge,” Sov. Phys. JETP 26, [Zh. Eksp. Teor. Fiz.53,1717(1967)], 984—988 (1968) (cit.
on pp. 51, 53).

72H. Murayama, “Origin of neutrino mass,” Prog. Part. Nucl. Phys. 57, [,3(2006)], 3-21
(2006) (cit. on p. 51).

73S. F. King, “Models of Neutrino Mass, Mixing and CP Violation,” ]J. Phys. G4z,
123001 (2015), arXiv:1510.02091 [hep-ph] (cit. on p. 51).

74L. Wolfenstein, “Neutrino Oscillations in Matter,” Phys. Rev. D17, [,294(1977)], 2369—
2374 (1978) (cit. on pp. 52, 54, 58, 61).

75V. N. Gribov and B. Pontecorvo, “Neutrino astronomy and lepton charge,” Phys.
Lett. 28B, 493 (1969) (cit. on p. 53).

76S. M. Bilenky and B. Pontecorvo, “Lepton Mixing and Neutrino Oscillations,” Phys.
Rept. 41, 225-261 (1978) (cit. on p. 53).

77Y. Fukuda et al., “Evidence for oscillation of atmospheric neutrinos,” Phys. Rev. Lett.
81, 1562—1567 (1998), arXiv:hep-ex/9807003 [hep-ex] (cit. on p. 53).

78Q. R. Ahmad et al., “Measurement of the rate of v, +d — p + p + e~ interactions
produced by 8B solar neutrinos at the Sudbury Neutrino Observatory,” Phys. Rev.
Lett. 87, 071301 (2001), arXiv:nucl-ex/0106015 [nucl-ex] (cit. on p. 53).

79Y. Abe et al., “Indication of Reactor 7, Disappearance in the Double Chooz Experi-

ment,” Phys. Rev. Lett. 108, 131801 (2012), arXiv:1112.6353 [hep-ex] (cit. on p. 53).

8F. P. An et al., “Observation of electron-antineutrino disappearance at Daya Bay,”

Phys. Rev. Lett. 108, 171803 (2012), arXiv:1203.1669 [hep-ex] (cit. on p. 53).


http://dx.doi.org/10.1140/epjc/s10052-011-1752-9
http://dx.doi.org/10.1140/epjc/s10052-011-1752-9
http://arxiv.org/abs/1006.1120
http://dx.doi.org/10.1142/S0217751X17501378
http://arxiv.org/abs/1705.00856
http://dx.doi.org/10.1007/s10714-011-1288-1
http://dx.doi.org/10.1007/s10714-011-1288-1
http://arxiv.org/abs/1102.5667
http://dx.doi.org/10.1209/0295-5075/119/29002
http://arxiv.org/abs/1705.04931
http://dx.doi.org/10.1016/j.ppnp.2006.02.001
http://dx.doi.org/10.1016/j.ppnp.2006.02.001
http://dx.doi.org/10.1088/0954-3899/42/12/123001
http://dx.doi.org/10.1088/0954-3899/42/12/123001
http://arxiv.org/abs/1510.02091
http://dx.doi.org/10.1103/PhysRevD.17.2369
http://dx.doi.org/10.1103/PhysRevD.17.2369
http://dx.doi.org/10.1016/0370-2693(69)90525-5
http://dx.doi.org/10.1016/0370-2693(69)90525-5
http://dx.doi.org/10.1016/0370-1573(78)90095-9
http://dx.doi.org/10.1016/0370-1573(78)90095-9
http://dx.doi.org/10.1103/PhysRevLett.81.1562
http://dx.doi.org/10.1103/PhysRevLett.81.1562
http://arxiv.org/abs/hep-ex/9807003
http://dx.doi.org/10.1103/PhysRevLett.87.071301
http://dx.doi.org/10.1103/PhysRevLett.87.071301
http://arxiv.org/abs/nucl-ex/0106015
http://dx.doi.org/10.1103/PhysRevLett.108.131801
http://arxiv.org/abs/1112.6353
http://dx.doi.org/10.1103/PhysRevLett.108.171803
http://arxiv.org/abs/1203.1669

Bibliography

81J. K. Ahn et al., “Observation of Reactor Electron Antineutrino Disappearance in the
RENO Experiment,” Phys. Rev. Lett. 108, 191802 (2012), arXiv:1204.0626 [hep-ex]
(cit. on p. 53).

82R. N. Mohapatra and P. B. Pal, “Massive neutrinos in physics and astrophysics. Sec-
ond edition,” World Sci. Lect. Notes Phys. 60, [World Sci. Lect. Notes Phys.72,1(2004)],
1-397 (1998) (cit. on pp. 53, 60).

83M. Gasperini, “Spin Dominated Inflation in the Einstein-cartan Theory,” Phys. Rev.
Lett. 56, 28732876 (1986) (cit. on p. 57).

84 A. Trautman, “Spin and torsion may avert gravitational singularities,” Nature 242,
7-8 (1973) (cit. on p. 57).

85S. P. Mikheyev and A. Yu. Smirnov, “Resonance Amplification of Oscillations in
Matter and Spectroscopy of Solar Neutrinos,” Sov. J. Nucl. Phys. 42, [,305(1986)],
913-917 (1985) (cit. on p. 61).

8S. P. Mikheev and A. Yu. Smirnov, “Resonant amplification of neutrino oscillations
in matter and solar neutrino spectroscopy,” Nuovo Cim. Cg, 17-26 (1986) (cit. on
p. 61).

87E. Roulet, “MSW effect with flavor changing neutrino interactions,” Phys. Rev. D44,
[,365(1991)], 935-938 (1991) (cit. on p. 61).

883, Bergmann, M. M. Guzzo, P. C. de Holanda, P. I. Krastev, and H. Nunokawa,
“Status of the solution to the solar neutrino problem based on nonstandard neutrino

interactions,” Phys. Rev. D62, 073001 (2000), arXiv:hep-ph/0004049 [hep-ph] (cit. on
p. 61).

89¢C. Biggio, M. Blennow, and E. Fernandez-Martinez, “General bounds on non-standard

neutrino interactions,” JHEP 08, 0go (2009), arXiv:0907.0097 [hep-ph] (cit. on p. 61).

9°S. Davidson, C. Pena-Garay, N. Rius, and A. Santamaria, “Present and future bounds
on nonstandard neutrino interactions,” JHEP 03, o11 (2003), arXiv:hep-ph/0302093
[hep-ph] (cit. on p. 61).

9'E. Mielke, Geometrodynamics of Gauge Fields, Mathematical Physics Studies (Springer,
2017) (cit. on p. 62).

92P. B. Pal and T. N. Pham, “A Field Theoretic Derivation of Wolfenstein’s Matter
Oscillation Formula,” Phys. Rev. Dgo0, 259 (1989) (cit. on p. 62).

93V. De Sabbata and M. Gasperini, “Neutrino Oscillations in the Presence of Torsion,”

Nuovo Cim. A65, 479—500 (1981) (cit. on p. 62).

101


http://dx.doi.org/10.1103/PhysRevLett.108.191802
http://arxiv.org/abs/1204.0626
http://dx.doi.org/10.1103/PhysRevLett.56.2873
http://dx.doi.org/10.1103/PhysRevLett.56.2873
http://dx.doi.org/10.1007/BF02508049
http://dx.doi.org/10.1103/PhysRevD.44.R935
http://dx.doi.org/10.1103/PhysRevD.44.R935
http://dx.doi.org/10.1103/PhysRevD.62.073001
http://arxiv.org/abs/hep-ph/0004049
http://dx.doi.org/10.1088/1126-6708/2009/08/090
http://arxiv.org/abs/0907.0097
http://dx.doi.org/10.1088/1126-6708/2003/03/011
http://arxiv.org/abs/hep-ph/0302093
http://arxiv.org/abs/hep-ph/0302093
http://dx.doi.org/10.1103/PhysRevD.40.259
http://dx.doi.org/10.1007/BF02902051

102 Bibliography

7

94M. Gasperini, “Testing the Principle of Equivalence with Neutrino Oscillations,”

Phys. Rev. D38, [,362(1988)], 2635-2637 (1988) (cit. on p. 62).

%M. Gasperini, “Experimental Constraints on a Minimal and Nonminimal Violation
of the Equivalence Principle in the Oscillations of Massive Neutrinos,” Phys. Rev.
D39, 3606-3611 (1989) (cit. on p. 62).

9S. Groot Nibbelink, M. Peloso, and M. Sexton, “Nonlinear properties of vielbein

massive gravity,” The European Physical Journal C 51, 741 (2007) (cit. on p. 65).

97R. Zheng and Q.-G. Huang, “Growth factor in f ( t ) gravity,” Journal of Cosmology

and Astroparticle Physics 2011, 002 (2011) (cit. on p. 65).

98S.-H. Chen, J. B. Dent, S. Dutta, and E. N. Saridakis, “Cosmological perturbations in
f(t) gravity,” Phys. Rev. D 83, 023508 (2011) (cit. on p. 65).

99V. Dzhunushaliev and V. Folomeev, “Propagation of gravitational waves in the non-
perturbative spinor vacuum,” The European Physical Journal C 74, 3057 (2014) (cit.
on p. 65).

199Y.-P. Wu and C.-Q. Geng, “Matter density perturbations in modified teleparallel

theories,” Journal of High Energy Physics 2012, 142 (2012) (cit. on p. 65).

101C. Deffayet and S. Randjbar-Daemi, “Nonlinear fierz-pauli theory from torsion and

bigravity,” Phys. Rev. D 84, 044053 (2011) (cit. on p. 65).

192C. Deffayet, ]. Mourad, and G. Zahariade, “A note on “symmetric” vielbeins in
bimetric, massive, perturbative and non perturbative gravities,” Journal of High

Energy Physics 2013, 86 (2013) (cit. on p. 65).

193K. Hinterbichler and R. A. Rosen, “Interacting spin-2 fields,” Journal of High Energy
Physics 2012, 47 (2012) (cit. on p. 65).

1945, Alexandrov, “Canonical structure of tetrad bimetric gravity,” General Relativity
and Gravitation 46, 1639 (2013) (cit. on p. 65).

195K. Hayashi and T. Shirafuji, “New general relativity,” Phys. Rev. D 19, 3524-3553
(1979) (cit. on p. 65).

106V, P. Nair, S. Randjbar-Daemi, and V. Rubakov, “Massive spin-2 fields of geometric

origin in curved spacetimes,” Phys. Rev. D 80, 104031 (2009) (cit. on p. 65).

197V. Nikiforova, S. Randjbar-Daemi, and V. Rubakov, “Infrared modified gravity with
dynamical torsion,” Phys. Rev. D 80, 124050 (2009) (cit. on p. 65).


http://dx.doi.org/10.1103/PhysRevD.38.2635
http://dx.doi.org/10.1103/PhysRevD.39.3606
http://dx.doi.org/10.1103/PhysRevD.39.3606
http://dx.doi.org/10.1140/epjc/s10052-007-0311-x
http://stacks.iop.org/1475-7516/2011/i=03/a=002
http://stacks.iop.org/1475-7516/2011/i=03/a=002
http://dx.doi.org/10.1103/PhysRevD.83.023508
http://dx.doi.org/10.1140/epjc/s10052-014-3057-2
http://dx.doi.org/10.1007/JHEP11(2012)142
http://dx.doi.org/10.1103/PhysRevD.84.044053
http://dx.doi.org/10.1007/JHEP03(2013)086
http://dx.doi.org/10.1007/JHEP03(2013)086
http://dx.doi.org/10.1007/JHEP07(2012)047
http://dx.doi.org/10.1007/JHEP07(2012)047
http://dx.doi.org/10.1007/s10714-013-1639-1
http://dx.doi.org/10.1007/s10714-013-1639-1
http://dx.doi.org/10.1103/PhysRevD.19.3524
http://dx.doi.org/10.1103/PhysRevD.19.3524
http://dx.doi.org/10.1103/PhysRevD.80.104031
http://dx.doi.org/10.1103/PhysRevD.80.124050

Bibliography 103

18T P Singh, “General relativity, torsion, and quantum theory,” Curr. Sci. 109, 2258

(2015), arXiv:1512.06982 [gr-qc] (cit. on p. 65).

199C. C. Nishi, “Simple derivation of general Fierz-like identities,” Am. J. Phys. 73,
1160-1163 (2005), arXiv:hep-ph/0412245 [hep-ph] (cit. on p. 94).


http://dx.doi.org/10.18520/v109/i12/2258-2264
http://dx.doi.org/10.18520/v109/i12/2258-2264
http://arxiv.org/abs/1512.06982
http://dx.doi.org/10.1119/1.2074087
http://dx.doi.org/10.1119/1.2074087
http://arxiv.org/abs/hep-ph/0412245

	Dedication
	Acknowledgements
	Contents
	1 Introduction
	1.0.1 Skew symmetry
	1.0.2 Pairwise symmetry
	1.0.3 First Bianchi identity
	1.0.4 Second Bianchi identity

	1.1 Synopsis and Plan of Thesis

	2 Vierbein-Einstein-Palatini formalism
	2.1 Tetrad formulation of General Relativity

	3 Matter fields
	3.1 Scalar field
	3.2 Electromagnetic field
	3.3 Fermionic field
	3.3.1 Fermionic field in tetrad formalism
	3.3.2 Fermionic field in vierbein-Einstein-Palatini formalism
	3.3.3 Conservation of spinor current


	4 Conformal transformation
	4.1 Conformal transformation in tetrad formulation
	4.1.1 Conformal scalar in tetrad formulation
	4.1.2 Conformal invariance of fermionic field in tetrad formulation

	4.2 Conformal transformation in vierbein-Einstein-Palatini formalism
	4.2.1 Nieh-Yan theory
	4.2.2 Conformally invariant torsion

	4.3 Dynamically generated torsion and conformal transformation
	4.3.1 Dynamically generated torsion and conformal scalar
	4.3.2 Dynamically generated torsion and fermion

	4.4 General off-shell transformation

	5 Neutrino mixing
	5.1 Neutrino oscillations
	5.2 Weak interactions

	6 Perturbations in vierbein-Einstein-Palatini formalism
	7 Conclusion and Summary
	A Torsion, Curvature and Bianchi identities
	A.1 Contorsion tensor
	A.2 Riemann curvature tensor
	A.3 Symmetries and Bianchi identities
	A.3.1 Skew symmetry
	A.3.2 First Bianchi identity
	A.3.3 Pairwise symmetry
	A.3.4 Second Bianchi identity


	B A different way to look at the conformal scalar
	C  as auxiliary field 
	D -matrices
	D.1 -matrix
	D.2 Fifth  -matrix
	D.3 Change of signature

	E Chiral Symmetry Breaking and Current Conservation
	F Fierz identities

